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^-< ' Abstract 

<n : 

Using the procedures in [9] and [14] and the magnetic pseudo-differential calculus we have developped in 

|25l 1271 1191 120] we construct an effective Hamitonian that describes the spectrum in any compact subset of the 

real axis for a large class of periodic pseudodifferential Hamiltonians in a bounded smooth magnetic field, in a 

completely gauge covariant setting, without any restrictions on the vector potential and without any adiabaticity 

>> \ ■ hypothesis. 

1 Introduction 

i-^ . In this paper we consider once again the construction of an effective Hamiltonian for a particle described by a 
periodic Hamiltonian and subject also to a magnetic field that will be considered bounded and smooth but neither 
periodic nor slowly varying. Our aim is to use some of the ideas in [HI 114) in conjunction with the magnetic 
pseudodifferential calculus developed in [351 EH HOI I2Z] and obtain the following improvements: 

1. cover also the case of pseudodifferential operators, as for example the rclativistic Schrodinger operators with 
principal symbol < 77 >; 



2. consider magnetic fields that are neither constant nor slowly variable, and thus working in a manifestly 



> 

ON 

*vi ' covariant form and obtain results that clearly depend only on the magnetic field; 

3. give up the adiabatic hypothesis (slowly variable fields) and consider only the intensity of the magnetic field 
as a small parameter; 

4. consider hypothesis formulated only in terms of the magnetic field and not of the vector potential one uses. 

Let us point out from the beginning, that as in [14] we construct an effective Hamiltonian associated to any 
compact interval of the energy spectrum but its significance concerns only the description of the real spectrum as 
a subset of K.. In a forthcoming paper our covariant magnetic pseudodifferential calculus will be used in order to 
construct an effective dynamics associated to any spectral band of the periodic Hamiltonian. Let us mention here 
that the magnetic pseudodifferential calculus has been used in the Peierls-Onsager problem in [12] where some 
improvements of the results in |31| are obtained but still in an adiabatic setting. In fact in our following paper we 
intend to extend the results in [12] and construct a more natural framework for the definition of the Peierls-Onsager 
effective dynamics associated to a spectral band. 

Finally let us also point out here that an essential ingredient in the method elaborated in [2] is a necessary 
and sufficient criterion for a tempered distribution to belong to some given Hilbert spaces (Propositions 3.2 and 
3.6 in [2]). In our 'magnetic' setting some similar criteria have to be proved and this obliges us to some different 
formulations that allows to avoid a gap in the original proof given in [141 [T3] . 

1.1 The problem 

We shall constantly use the notation X = M d , its dual X* being cannonically isomorphic to M. d ; let < .,. >: 
X* x X — > K denote the duality relation. We shall always denote by 3 := X x X* (considered as a symplectic 
space with the canonical symplectic form a(X,Y) := (£,y) — (77, a;)); we shall denote by H :— X* x X. 
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We shall consider a discrete abelian localy compact subgroup V C X. It is isomorphic to Z d and we can view 
it as a lattice T := ©!- =1 Zej, with {ei, . . . , e^} an algebraic basis of R d (that we shall call the basis of T). 

We consider the quotient group M. d /T that is canonically isomorphic to the d-dimensional torus T = Tr = T 
and let us denote by p : M. d 3i4i6T the canonical projection onto the quotient. Let us consider an elementary 



cell: 



d 

\ * 4. „ r- T®d 



^r = {y = Y,t j e j €R d | < t 3 < 1, Vj € {!,..., d} 



having the interior (as subset of M. d ) locally homeomorphic to its projection on T. The dual lattice of T is then its 
polar set in A"* defined as 

r, := { 7 * e x* I < 7*, 7 >g (2tt)z, v 7 e r} . 

Considering the dual basis {ej, . . . , e^} C X* of {ei, . . . , e^}, defined by < e*,ek >— (2n)5jk, we have evidently that 
T* := ® d =1 %e*. By definition, we have that I\ C X* is the polar of T C X. We define T r . := X* /T* = T* = T* 
and Ey, and notice that Tr, is isomorphic to the dual group of T (in the sense of abelian localy compact groups). 

We evidently have the following gourp isomorphisms X = T x Tr, X* = T* X Tr, that are not topological 
isomorphisms. 

We shall consider the following free Hamiltonian: 

H ,v ■= -A + V(y), V eBC°°( X, K), T- periodic, (1.1) 

that describes the evolution of an electron in a periodic crystal without external fields. The above operator has 
a self-adjoint extension in L 2 (X) that commutes with the translations r 7 for any 7 6 T. We can thus apply the 
Floquet-Bloch theory. For any £ £ X* we can define the operator 

H 0!V (O:=(D v +tf + V(y) 

that has a self-adjoint extension in L 2 (T) that has compact resolvent. Thus its spectrum consists in a growing 
sequence of finite multiplicity eigenvalues Ai(£) < Aa(£) < ••■ that are continuous and r*-periodic functions of £. 
Thus, if we denote by Jk '■= A&(T«), wc can write that 

a(H oy ) = 0^* (1.2) 

and it follows that this spectrum is absolutely continuous. 

The above analysis implies the following statement that can be considered as the spectral form of the Onsager- 
Peierls substitution in a trivial situation (with magnetic field): 

\£o-(H ,v) <^ 3k>lO£a(\-\ k (D)) , (1.3) 

where Afc(D) is the image of the multiplication operator with the function Afc(£) on L 2 (X*) under the conjugation 
with the Fourier transform (i.e. the Weyl quantization of the symbol Afc) and thus defines a bounded self-adjoint 
operator on L 2 (X). 

The problem we are interested in, consists in superposing a magnetic field B in the above situation; let us first 
consider a constant magnetic field B = (Bjk)i<j,k<d with Bjk = —B^j. Let us recall that using the transversal 
gauge one can define the following vector potential A = (Aj)i<j<d 



M x ) ■= -\ Y. B ? k 



2 ^ -■>- Xk - 

l<k<d 

We are considering A as a differential 1-form on X so that B is the 2-form given by the exterior differential of A. 
Then the associated magnetic Hamiltonian is defined as 

H Ay :=(D + A) 2 + V{y), (1.4) 

that has also a self-adjoint extension in L 2 (X). The structure of the spectrum of this operator may be very different 
of the structure of afHoyj (for example it may be pure point with infinite multiplicity!), but one expects that 
modulo some small correction (depending on \B\), for small \B\ the property II .31 with D replaced by D + A should 
still be true. More precisely it is conjectured that there exists a symbol rk(x, £; B, A) (in fact a BC°°(S) function) 
such that 

lim r k (x, f ; B, A) = in BC°°(E) (1.5) 

|B|->0 



and for A in a compact neighborhood of J k and for small \B\ we have that 

Ae^(V) <=> Oea(X-X k (D + A(x))+r k (x,D + A{x);B,X)), (1.6) 

where rk(x, D + A(x);B, A) is the Weyl quantization of Tk(x, £ + A(x); B, A). 

The first rigorous proof of such a result appeared in [3D] for a simple spectral band (i.e. Afc(£) is a non- 
degenerated eigenvalue of Ho,v(£) for any t; £ X* and J k C\ Ji = 0,V7 7^ fe). In [T7] the authors study this case 
of a simple spectral band but also the general case, by using Wannier functions. In these references the operator 
appearing on the right hand side of the equivalence 11.61 is considered to act in the Hilbert space [l 2 (T)] (with 
N = 1 for the simple spectral band). In fact we shall prove that for a simple spectral band one can replace l 2 (T) 
with L 2 (X). Let us also notice that if one would like to consider also non-constant magnetic fields, then the above 
Weyl quantization of yl(a;)-dependent symbols gives operators that are not gauge covariant and thus unsuitable for 
a physical interpretation. 

1.2 The result by Gerard, Martinez and Sjostrand 

In [14] the above three authors consider the evolution of an electron (ignoring the spin) in a periodic crystal under 
the action of exterior non-constant, slowly varying, magnetic and electric fields. More precisely the magnetic field 
B is defined as B = dA with a vector potential 

A=(A ll ...,A d ), A 3 £C°°(X-R), d a A J eBC°°(X)\f\a\>l, (1.7) 

and the electric potential is described by 



The Hamiltonian is taken to be 



4>^BC°°{x-m.). (1.8) 

Pj^ = J2 (D yj +A J (ey)f + V(y) + <j ) (ey), (1.9) 

i<j<d 

with |e| small enough; this defines also a self-adjoint operator in L 2 (X). In this situation, in order to define an 
effective Hamiltonian, the authors apply an idea of Buslaev [9] (see also [E]); this idea consists in "doubling" the 
number of variables and separating the periodic part (that is also "rapidly varying" ) from the non-periodic part 
(that is also "slowly varying" ) . One defines the following operator acting on X 2 : 

Pa,4> ■= Y, (^D X] + D yj + A 3 (x)) 2 + V(y) + <f>(x). (1.10) 

i<j<d 

Let us point out the very interesting connection between the operators Pa.<j> and Pa,4>- If we consider the 
following change of variables: 

Tr e :X 2 ^X 2 , Tr e (x,y) := (x-ey,y), 

then for any tempered distribution F € ,S^"(X) we have that: 

{P A ,<t, on*,) (So ®F) = Tr;(S ®(PA,<t,F))- (1.11) 

Buslaev considers the operator Pa,4> as a semi-classical operator valued pseudodifferential operator on X and uses 
the above remark in order to obtain asymptotic solutions for the equation Pa,4>u — Xu. Let us develop a little bit 
this idea in the frame of our previous magnetic pseudodifferential calculus ( [25U19U20] ). presenting some arguments 
that will be useful in our proofs. 

We recall that given a symbol a(y,rj) defined on 2 and a potential vector A defined on X, one can define two 
'candidates' for the semi-classical 'magnetic' quantization of the symbol a: 

(Dp AM (a)u)(x) := J^e i <^-y> a (^-,h V + A(^))u(y)dydr 1 , Wu € ?{X), (1.12) 

that is used in |14| but is not gauge covariant, and 

(Qp£(a)u)(x) := ff e i <^ x -^>u; h -, A (x,y)a(^-,h V )u(y)dydr l , Vu e &{X\ (1.13) 



with u3a(x-iV) '■= exp{— i J, , A}, that has been introduced in |25j and is gauge covariant. In both the above 
formulae h is a strictly positive parameter. 



For A = the two quantizations above coincide with the semi-classical Weyl quantization of a denoted by 
Dp h (a). For ft = 1 we use the notations Op A (a), Dp A (a) and Dp(a). 

Let us come back now to the operators Pa,4> and Pa,4> and consider the following notations 

A e (x) :=A(ex), 

p(x,y,rj) := \rj\ 2 + V (y) + (f>{x) 

p(x,y,£,ri) := |f + v\ 2 + V(y) + </>(x) =p(x,y,£ + 77) (1.14) 

Pe(v,v) ■= p(ey,y,v)- 

P AA = Op, (p e ), (1.15) 



We evidently have that 



while Pa,4> may be thought as being obtained through the following procedure: one computes the Weyl quantization 
of p considered as a symbol in the variables (y, rj) € S and obtains an operator valued symbol in the variables 
(x, £) € S, that is then quantized by Qp Ae : 

Pa,, := DPaM ' 

The rather strange presence of the parameter e in 11.91 has to be considered as a reflection of the semi-classical 
quantization used in ll,16l and of the formula [1.1 II In order to deal with a more natural class of perturbations (thus 
to eliminate the slow variation hypothesis!) one has to give up the semi-classical quantization in the second step 
and insert the parameter e in the symbol (like in 1 1 . 1 5 p . 

Let us briefly review now the main steps of the argument in [14] , As previously remarked, they consider a 
magnetic field described by a vector potential satisfying 1 1.71 They propose to consider the following generalization 
of Pa, <p- 

• The starting point is a symbol p(x, y, rj) that is polynomial in the variable 77 G X* and satisfies the following 
relations: 

i) p(x,y,ri) = J2 a a (x,y)r) a , a a e BC°°{X x X;R), m e W, 

\a\ <m 

ii) a a (x, y + 7) = a a (x, y), V|a| < m, ¥76 T, 

Hi) 3c > such that p m (x,y 7 r/) :— Yl a a{x,y)r/ a > c|?7| m , \/(x,y) £ X x X, \/r/ e X* i.e. p is an elliptic 

\a\—m 

symbol (let us notice that this condition implies that m is even). 

• They introduce then the symbols: 

Pe(y, v) : = p(ey> y, v)> Ve > °; p(x, y, €, v) : = p(x, y,£ + v)- 

• The interest is focused on the self-adjoint operator in L 2 (X) defined by: 

P e := Op Ae (p e ). (1.17) 

• The auxiliary operator (obtained by doubling the variables) is the self-adjoint operator in L 2 (X 2 ) defined by: 

?e := Op A ,M, q(x,Z):=Dp(p(x,. ,£,.)). (1.18) 

• One verifies that a relation similar to ll.lll is still verified: 

(P e on*)(6o®F) = tt:(S <E>(P,F)), VFeS"{X). (1.19) 

In order to define an effective Hamiltonian to describe the spectrum of P e , in [T3] the authors bring together 
three important ideas from the literature on the subject. 

1. First, the idea introduced in 0[TS] of "doubling the variables" and considering the operator P e . 

2. Then, the use of an operator valued pseudodifferential calculus, idea introduced in [5] and having a rigorous 
development in [5]. 

3. The formulation of a Grushin type problem, as proposed in [17] . 



In the following we shall discuss the use of the Grushin type problem in our spectral problem. The ideas are the 
following. First one fixes some compact interval I C M. and some eo > small enough. Then one has to take into 
account that T is compact and thus any elliptic self-adjoint operator in L 2 (T) is Fredholm and becomes bijective 
on specific finite co-dimension subspaces. Thus one can find N G N* and N functions <pj G C° a (X x X x X*) (with 
1 < j < N) that are T-periodic in the second variable and such that the following statement is true: 
Proposition 1.1. If we define: 

• the operator valued symbols 
' R + :E^-B(L 2 (T);C N ), R+(x,Z)u := {<u,&(x,.,0> iam } G C N , Vu G L 2 (T), 

R_:E^B(C N ;L 2 (T)), R_(x,£)c:= £ <*&(*, -,0 G L 2 (T), Vc := (c,-)i<y<iv G C w , 

l<j<N 

(1.20) 

• </ie associated operators obtained by a semi- classical (non-covariant) quantization: 

R±(e) := £>JU, 6 (A*). (1.21) 

• Then, for A G /, e G (0, eo]; ^e operator: 

P< , ( £-* *-(«) ) 

is self-adjoint in I?\X x T) © L 2 (A';C Ar ) anrf /ias aw inverse: 

^-(Z% ££U (1 - 23 > 

Moreover one can prove then that £_+(e, A) = Dp^ (-E^ + ) with S"^ 1 " G SC°°(S;B(C Ar )) uniformly for 
(e, A) G (0, eo] x /• Then it is easy to prove that: 

Proposition 1.2. TTie operator E ^(e,X) is bounded and self-adjoint in L 2 [X;C N ) and we have the following 

equivalence: 

AG(t(P £ ) «=*> Oe<r{E- + {e,\)). (1.24) 

Finally, in order to pass from P e to P € one makes use of ll,19l and of some unitary transforms of the spaces l 2 (T) 
and L 2 (X). More precisely the following two explicit Hilbert spaces are considered in |14j : 

2Jo,e := I fe/W | F = $>A TI V(/ 7 ) 7sr e ; 2 (r) I, Hollar,,,. := ||/||p(r), (1-25) 

that is evidently unitarily equivalent to ^ 2 (r); 






i i r \ .!' . i! i = 

7er 



£o, £ := < f^F) | ^,|/) = Wa ; )^-^-7)) I V,eL^) V, ||F|| £ :=H L 2 W , (1.26) 



that is evidently unitarily equivalent to L 2 (A"). 

The following step is to extend the operators P e and R±(e), considered as pseudodifferential operators, to continuous 
operators from 5^"(X 2 ) to ,9"(X 2 ) and respectively from 5?"(X) to 5^"{X). Then we can directly restrict them 
to the subspaces £o,e and respectively 5J^ e and due to the T-periodicity of the initial symbol p the authors prove 
as in [2J that they leave these spaces invariant and that the matrix operator V e still defines an invertible self- 
adjoint operator in Co. e © QJj^e having as inverse the coresponding restriction of £ (e, A); moreover the restriction of 

E |_(e, A) is a bounded self-adjoint operator in %$q € and we still have the property 11.241 The remark that allows 

one to end the analysis is that P e acting in L 2 (X) is unitarily equivalent with the transformed operator P e acting 
on £o,e and thus 11.241 implies directly the following equivalence: 

AGcr(P e ) <=> 0Ga(£_ + (e,A)), (1.27) 

with E |_(e, A) bounded self-adjoint operator on QJ^ e that can be evidently identified with a bounded self-adjoint 

operator on [Z 2 (r)]-' v . 



1.3 Summary of our results 

Let us briefly comment upon our hypothesis. First the magnetic field B e := 2~ 1 ^2 B e jkdXj A dxk is a closed 

l<j,k<d 

2-form valued smooth function {B t ^k = —B e ^j) 

H.l For any pair of indices (j, k) between 1 and d we are given a function [— eo,eo] 3e4 B t ^ G BC°°(X;M.) 
such that limP ejfc = in BC°°{X;R), for some e > 0. 

Using the transversal gauge we can define a vector potential A e (described by a 1-form valued smooth function 
defined on [— eo, eo]) such that B e = dA e : 

A e j(x) := — 2, x k / B € jk(sx)sds. (1.28) 



■ ^ %k j B ejk (sx)sds 

Kk<d ^° 



We shall not suppose that our vector potential A e satisfy (jl.71) , but we shall always suppose the following behavior 
(that results from our hypothesis (H.l) and (|1.28[) ): 

lim < x > _1 A eJ {x) = in BC°°(X;R), (1.29) 

The symbols we are considering are also considered as functions 

[-e ,e ] 3e^p e €C°°(XxXxX') 
satisfying conditions of type S™ with m > uniformly in e G [— eo, eo]: 
H.2 3m > 0, such that V(a,/3) G N 2rf x N rf , 3C 5/3 > such that 

(d^Pe) (x,y, V )\ < C 5f3 < V > m -^, V(x,y, V ) G X x X x A", Ve G [-e ,eo], 
H.3 limp e = pa in S?(X), 

e— >0 

H.4 Va G N d with |a| > 1 we have lim(d°p e ) = in S^(X), 

H.5 p e is an elliptic symbol uniformly in e G [— eo, eo], i.e. 3C > 0, 3R > such that 

V,{x,y,ri) > C\ V \ m , V(x,y, V ) eXxXx A" with \r)\ > R, Ve G [-e ,e ], 

H.6 p e is T-periodic with respect to the second variable, i.e. 

Pe(x,y + j,-n) = Pe(x,y,r)), V7 G V, V(jc, y, 77) € A x A x A", Ve G [-e , eo] ■ 

Let us remark here that the hypothesis (H.3) and (H.4) imply that the limit po only depends on the second and 
third variables ({y,rj) G S) and thus we can write 

Pe(x,y,T]) := Po(y,v) + r e (x,y,v), ^r e (x,y ) rj) = in S?(X X E). 

Let us also notice that our hypothesis (H.3) is not satisfied if we consider a perturbation of the form (adiabatic 
electric field) 4>(ey) but is verified for a perturbation of the form e<j>(y). One can consider a weaker hypothesis, 
allowing also for the adiabatic electric field perturbation, without losing the general construction of the effective 
Hamiltonian, but some consequences that we shall prove would no longer be true. 

We associate to our symbols the two types of symbols proposed in [T3] : 

Pe(V, V) : = Pe(V, V, V), Pe{x, V, £, 77) : = Pe(x, V, £ + T)). 

The operator we want to study is 

P e :=0^(p e ). (1.30) 

The auxiliary operator is defined as: 

P e :=fl/'(q e ), q e (ar,0:=JOp(Pe(aJ,.,e,-))- (1-31) 

G 



Let us notice that in particular all the above hypothesis are satisfied if we take B e := eB with B a magnetic field 
with components of class BC°°(X), A e = eA with A a potential vector associated to B by 11.281 and P e one of the 
following possible Schrodinger operators: 

P * = E (Pvi + € My)) 2 + V(y) + e<f>(y), (1.32) 

i<j<d 

P t =QV cA (< V >) + V{y)+e<P{y), (1.33) 



P = V^P (l^l 2 ) + 1 + V(y) + e4>(y), (1.34) 

where V and <f> satisfy 11.11 and 11.81 

In the Proposition 19.291 of the Appendix we prove that the difference between 11.331 and 11.341 is of the form 
Dp eA (qe) with limg e = in S?(S). 

The connection between the operators 11.301 and 11.311 is the following: 

(P e o 7T*) (S ® F) = irl(6 ®(P e F)), VF€S"{X). (1.35) 

In order to define an effective Hamiltonian for P e we shall apply the same ideas as in |14j with the important 
remark that the operator valued pseudodifferential calculus we use is not a semi classical calculus but the 'magnetic' 
calculus so that all our constructions are explicitly gauge covariant. This fact obliges us to a lot of new technical 
lemmas in order to deal with this new calculus. Our main result is the following: 
Theorem 1.3. We assume the Hypothesis [H.1J-[H.6]. For any compact interval IcB there exists eg > and 

N G N* such that VA G I and Ve € [— eo, e o] there exists a bounded self-adjoint operator E |_(e, A) := Dp ' \F~^) 

acting in [%lo,i] N , where E~£ G PC°°(S; B(C JV )) uniformly in (e, A) G [— eo,eo] x I and is Y* -periodic in the 
variable £ G X* for which the following equivalence is true: 

\ea(P e ) <^> 0ea(£_ + (e,A)). (1.36) 

A direct consequence of the above theorem is a stability property for the spectral gaps of the operator P e of 
the same type as that obtained in [3J [2H1 12] for the Schrodinger operator. 

Corollary 1.4. Under the hypothesis [H.1]-[H.6], for any compact interval K C R disjoint from <j(Po), there exists 
€q > such that Ve G [— eo, eo] the interval K is disjoint from o~(P e ). 

In fact we obtain a much stronger result, giving the optimal regularity property but only for e = i.e. at 
vanishing magnetic field. 

Proposition 1.5. We denote by Dh{Fi,F2) the Hausdorff distance between the two closed subsets F\ and F2 of 
R. Then, under the Hypothesis H.l - H.7 and 1.1 - 1.3, there exists a strictly positive constant C such that 

V H (o-(P e )nI,o-(P )nl) < Ce Ve€[-e ,eo]. (1-37) 

Let us consider now the case of a simple spectral band and generalize the result we discuss previously in this 
case. By hypothesis we have that r 7 Po = -£o T 7, V7 G T and we can apply the Floquet-Bloch theory. We denote 
by Ai(£) < A2(£) < • ■ • the eigenvalues of the operators Po,£ '■— Dp(po(', £ + •)) that are self-adjoint in L 2 (T); they 
are continuous functions on the torus T* d := X* /Y* (and they are even C°° in the case of a simple spectral band). 

d 

Thus er(-Po) = U Jj with J,- := A,(T* ). Let us consider now the following new Hypothesis: 

H.7 There exists k > 1 such that Jk is a simple spectral band for Pq, i.e. V£ G T we have that A&(£) is a 
non-degenerate eigenvalue of Po and for any I 7^ k we have that J; n Jk — 0- 

Proposition 1.6. Assume the hypothesis [H.1]-[H.7] are true and that moreover we have that po(y, —77) = po(y, rj), 
^{VtV) ^ "• Let I C R be a compact neighborhood of Jk disjoint from U J;. Then there exists eo > such that 

V(e, A) G [— eo, eo] x I in Theorem \1.3\ we can take N = 1 and 

E~£(x,€) = A - A fe (£) + r e ,x(x,0, with limr £iA = 0, in PC°°(S), uniformly in A G I. (1.38) 

In the case of a constant magnetic field, under some more assumptions on the symbol p e we can have even more 

information concerning the operator E |_(e, A). 

Proposition 1.7. Assume that the hypothesis [H.1]-[H.7] are true and that B e are constant magnetic fields (for 
any e) and that the symbols p e do not depend on the first variable (x G X ). Then we can complete the conclusion 
of Theorem \1.3\ with the following statements: 

1. E |_(e, A) is a bounded self-adjoint operator in [L 2 (X)] N . 

2. The symbol E~t is independent of the first variable (y G X) and is Y* -periodic in the second variable 

(Sex*). 



1.4 Overview of the paper 

The first Section analysis the properties of the auxiliary operator, its self-adjointness and its connection with our 
main Hamiltonian. The second Section recalls some facts about the Floquet-Bloch theory and the connection 
between the spectra of the auxiliary operator in L 2 (X x X) and L 2 {X x T). In Section 3 we introduce a Grushin 
type problem and define the principal part of the symbol of the effective Hamiltonian. In Section 4 we use a 
perturbative method to construct the Peierls effective Hamiltonian and study the connection between its spectrum 
and the spectrum of the auxiliary operator acting in L 2 ( X x T) . Section 5 is devoted to the definition and study 
of some auxiliary Hilbert spaces of tempered distributions 23o arL d £o- In Section 6 we make a rigorous study of 
the Peierls Hamiltonian reducing the local study of its spectrum to a spectral problem of the effective Hamiltonian 
acting in \%3v\ N (the proof of Theorem II. 3|) . We also consider an application to the stability of spectral gaps 
( Corollary II .4j) . The Lipschitz regularity of the boundaries of the spectral bands at vanishing magnetic field is 
also obtained as an application of the main Theorem. The 7-th Section is devoted to the case of a simple spectral 
band (Proposition II .6|) . In Section 8 we consider the particular case of a constant magnetic field (Proposition [TT7J). 
An Appendix is gathering a number of facts concerning operator valued symbols and their associated magnetic 
pseudodifferential operators and some spaces of periodic distributions. Some of the notations and definitions we 
use in the paper are introduced in this Appendix. 

2 The auxiliary operator in L 2 (X x X) 

Let us consider given a family {B e } ee [_ eoeo ] of magnetic fields on X satisfying Hypothesis H.l and {A e } ee [_ eoeo ] 
an associated family of vector potentials (we shall always work with the vector potentials given by formula (|1.23[l ). 
Let us also consider a given family of symbols {p e } eG [_ £0jeo ] that satisfy the Hypothesis H.2 - H.6. 

We shall use the following convention: if / is a function defined on X x H, we denote by f° the function 
defined on S by taking the restriction of / at the subset A%xx x X* where A%xx '■= {(x, x) e X x X \ x e X} 
is the diagonal of the Cartesian product and we denote by / the function onHxH defined by the formula 

f(X,Y) = f(x,Z,y,ri):=f(x,v,Z + ri). 

It is evident that with the above hypothesis and notations we have that p° G 5f l (S) and is elliptic, both 
properties being uniform in e e [— eo,eo]- Then the operator P e :— Dp "(p°), the main operator we are interested 
in, is self-adjoint and lower semi-bounded in L 2 (X) having the domain H™ (X) (the magnetic Sobolev space of 
order m defined in Definition ^. 4l below); moreover, with the choice of vector potential that we made, it is essentially 
self-adjoint on the space of Schwartz test functions 5?{X). 

Taking into account the example 19.91 it follows that {p e }| e |< Co G 5™ (A" x 5) so that by defining q e (A) := 
Qp(p e (X, .)), we have that for any s € R the following is true 

{qj|e|<e G Sl e (E:B(Ht +m (X);Ht(X))) 

with the notations introduced at the begining of subsection 9.1 of the Appendix. We can then define the auxiliary 
operator P € := Dp e (q e ) that will play a very important role in our arguments. In the following Proposition we 

collect the properties of the operator P t that result from Proposition 19.81 and exemple 19.91 
Lemma 2.1. With the above notations and under the above Hypothesis H.l - H.6 we have that 

1. For any s G K: 

p e e M{y{x-u s+m {x))-y(x-u s (x))) n M(,y'(X;n s+m {x));<y'(X;n s (x))) , 

uniformly in e € [— eo,eo]- 

2. P e G M(^(X 2 );.y(X 2 )) n M(y'(X 2 ) ; y"(X 2 )), uniformly in ee [-e , e }. 

3. P e considered as unbounded operator in L 2 (X 2 ) with domain .y(X 2 ) is symetric for any e £ [— eo,eo]- 

Let us now discuss some different forms of the operator P e that we shall use further. We consider first the 
isomorphisms: 

xP:X 2 ^X 2 , rP(x,y) := (x,x-y); ^ = i/>; (2.1) 

X :X 2 ^X 2 , X {x,y) ■= {x+y,y); X^(x,y) = {x-y,y). (2.2) 

The operators tp* and x* that they induce on L 2 (X) (if)*u := u o ip) are evidently unitary. 

Lemma 2.2. For any u G y(X 2 ), the image P e u may be written in any of the following three equivalent forms: 

(Peu)(x,y) = (2n)-^ 2 f ( e l< ™-y>u Ae (x,x+y-y) Pe (x-y+(y+y)/2Ay+y)/2,v)u(x+y-y 1 y)dydT 1 , (2.3) 
J x Jx* 



(il>*P e il>*u)(x,y) = [op A < (((idl«)rj / ®idl)p e ) )w(.,y)] (x), 



(x*P.(x*r 1 u)(x,y) 



Dp 



(t_„AO 



((t x <E) id <E)id) Pe )°)u(x, .) (y). 



(2.4) 
(2.5) 



Proof. Let us fix it S ^(A" 2 ). Starting from the definitions of P e and q e and using oscillating integral techniques, 
we get 



(P e u)(x,y) = (2tt) 



-d/2 



= i<J,x— x> 



X J X' 



= (2tt) " / / < 

IX J X 



i<£,x—x> 



WA € (a;,£) 



^ JA"* 



u Ac (x, x) [q 6 ((« + i)/2, £) u(£, .)] (y) d£ d£ = 



e i<fl,»-S> pe ( (a! + i)/ 2j ( y + y)/ 2 , £ + rf) u(x, y) dy d V 



dx d£ 



(27T) 



-J 



A" J* J** 



j<n,y-y> u ^ fa i)p ^ x + s y 2> {y + y )/2j ^ 



j,<£,x-x-y+y> 



d£, 



X' 



u{x,y) dxdydr). 



By the Fourier inversion theorem the inner oscillating integral is in fact (2Tr) d / 2 5o(x—x—y+y) — (2ii) d l 2 [T x - y +ySo] (x) 
and we can eliminate the integrals over £ € X* and over x € X in order to obtain formula (|2.3[) . 

In order to prove (|2.4p . we apply (J2.3I) to ■0*u, that meaning to replace in (|2.3p u(x+y—y, y) with u(x+y—y, x—y) 
and we finally replace y with x — y, obtaining 

(iP*P,i>*u)(x,y) = (2tt)-^ 2 I I e t<,hx - y -y > u Ae (x,y + y)p e (y+(x-y + y)/2,(x-y + y)/2, V )u(y + y,y)dydf 1 . 

J x J x* 

Changing the integration variable y to y — y we obtain 

' "' C ~ S> wa, (x, y)p e ((x + y)/2, (x + y)/2 - y, 77) u(y, y) dydr], 



(*/>*P e i>*u)(x,y) = (27r)- d / 2 I I , 

IX Jx* 



i.e. (H3) 

The formula (|2.5[) can be easily obtained in a similar way, starting with (|2.3p applied to (x*) u, i.e. replacing 
in (12 .3[) u(x + y — y,y) with m(x — y, y) and finally replacing the variable x € X with a; + y; this gives us the result 



(x*Pe(x*r 1 u)(x,y) = (27T) 



-d/2 



A" JA" 



2 i<»7,v 5> u Ai (x + y,x + y) p e (x + {y + y)/2, (y + y)/2, n) u(x, y) dy drj. 



We end the proof of (|2.5p by noticing that the following equalities are true (see also (|9.30[) ): 

UAA x + y> x + y) =exp{-i / A c } = exp<i/y-y, A e ((l - s)(x + y) + s(x + y)) ds) > = 

J[x+y,x+y] I \ JO I ) 

= exp<i/y-y, A e (x+(1 - s)y + sy) ds) > = exp <i (y - y, / (r_ x A e )((l - s)y + sy) ds) I = 

= exp{-« (t_ x A € )} = w (TxA£) (y,y). 



D 



The following Corollary is a direct consequence of Lemma 12.21 
Corollary 2.3. We have the following two relations between the operators P e and P e : 

1. For any v g S"{X) 

(x*Pe{x*r\h®v)) = 6 ®(P e v), 

(t/>*P^> ® <5 )) = (Pev)®5 . 

2. If p e does not depend on its second variable y £ X, then the following equality is true: 

ip*P e ip* = P e ®id. 



(2.6) 
(2.7) 

(2.8) 



Proof. It is enough to prove (|2.6[) for any v £ .y{X). We choose ip £ Cq > (X) so that {</? n }neN* with ip n (x) := 
n d ip(nx) is a (^-sequence. We apply now (J2.5I) to u := y>„ <£> v in order to obtain 

(x*Pe(X*)~H<Pn <g> «)) («, ?/) = ¥>„(z) [Dp^^^ (((r K <g> id ® id)p e )°) «] (tf). 

We end the proof of (|2.6[) by taking the limit n — >• oo and noticing that for x — we obtain in the second factor 
above: ((to (g> idl ® id)p e ) = ((id <8> id (8> idl)p e ) = p e . For (|2.7p we use exactly the same preocedure starting from 

The equality (|2.8[) follows directly from (J2.4I) under the given assumption on p e that implies that ((id ® r y ® 
id)p e )°=p°. D 

In order to study the continuity and the self-adjointness of P e we need some more function spaces related to 
the magnetic Sobolev spaces; in order to define these spaces we shall need the family of operator valued symbols 
{qs,e}(s,«)eKx[-e ,eol introduced in Remark 19.261 and the associated operators: 

Q,, e :=£>l> i4, (q. >e ), Qi l6 := Q.,e <8> id. 

Let us still denote by Q s ^ := ^>*Q' se if)* with ip from (|2.1[) and let us notice that due to Corollary 12.31 (2) the 

operators Q s ,e and Q s ,e & r e in the same relation as the pair P e and P e . 

Definition 2.4. For magnetic fields {i? e } £(E [_ eo , eo ] verifying Hypothesis H.l and for choices of vector potentials 

given by (jl.281) we define the following spaces. 

1. The magnetic Sobolev space of order s £ R (as defined in [T^]) is 

H s Ac (X) := {u£,y'(X) | Q s ^u£L 2 (X)}, (2.9) 

endowed with the following natural quadratic norm 

\\u\\n lt ( X ) ■■= \\Qs,M\lh X) > V u ^H% t (X) (2-10) 

that makes it a Hilbert space containing ,5^(X) as a dense subspace. 

2. We shall define also H A (X) := f] W A (X) with the projective limit topology. 

3. For selwe consider also the spaces 

K s At {X 2 ) ■= {u£.Y'{X 2 ) | Q s ^u £ L 2 {X 2 ) } , (2.11) 

endowed with the following natural quadratic norm 

IMIwl (x>) ~ ^ r2 , ^u£U Ac {X 2 ) (2.12) 

that makes it a Hilbert space containing S^(X 2 ) as a dense subspace. 
Remark 2.5. i/>* is a unitary operator from H A (X 2 ) onto H A (X) (g) L 2 (X). 
Proof. Let us choose some u £ J7"(X 2 ) and notice that 

u£H Ac (X 2 ) <& iP*Q' S£ ^*u£L 2 (X 2 ) *> (Q s , e ®id)i/j*u£L 2 (X 2 ) <& ^*u £ U Ar (X) ® L 2 (X) 
and evidently we have that 



We can prove now a continuity property of the operator P e on the spaces defined by (|2.11[) . 
Lemma 2.6. For any seRwe have that P e £ M(n s A + m (X 2 );H Ae (X 2 )) uniformly for e <E [-e ,e ]. 



D 



10 



Proof. Due to (|2.4p and Remark 12.51 it is enough to prove that the application 

y(X 2 ) 3u^ [Dp A » (((id <8 tj, <8 idl)p e )°) u(., yj\ (x) € y (X 2 ) 
has a continuous extension from 7-L A m {X) ® £ 2 (A) to W A (X) ® i* 2 ^) uniformly for e G [— eoj eo]- But 

((idl(8)r a (g)idl)p c ) (a;,^) = p e (x,x-y 7 £_) 

and the family {p e (a:, x — y, ^)}f ye \ e xx[-eo,eo] °f symbols (in the variables (x, £) € 5) is a bounded subset of S*™(S) 
(due to our Hypothesis). Applying the continuity properties of magnetic pseudodifferential operators in magnetic 
Sobolev spaces proved in [III] we conclude that there exists a constant C > such that 

Dp A *(((id®T y ®id)p e )°)u(.,y) I < C 2 \\u(,.y)\\ 2 HS+m 

\ / H Ar (X) A e \ ) 

for any u G y(X 2 ), Vy G A" and Ve G [— e ,eo]- We end then the proof by integrating the above inequality with 
respect to y G X. □ 

In order to prove the self-adjointness of P € in L 2 (X 2 ) we use the following Remark. 
Remark 2.7. Suppose given r G £{"(<¥ x S). Then evidently r(.,y, .) G ^{"(S) uniformly for y G A". If i? is a 
magnetic field on X with components of class BC°° (X) and A an associated vector potential having components 
of class C^\(X) we define the magnetic pseudodifferential operator with parameter y G X 

(9iu)(x,y) := (2n)- d / 2 [ [ e i< ^ x - S:> uj A (x, x) r((x + x)/2, y,Q u(x, y) dxd£, Vu G y(X 2 ), V(x, y) G X 2 . 
J x J x* 

(2-13) 

A straightforward modification of the arguments from |19] , and denoting by 9l e the operator defined as above in 

(|2.13p with a vector potential A e , allows to prove that 

m e e M(y{x 2 );y{x 2 )) n m(H A + e m {x)®L 2 (xy,n Ac (x)®L 2 (x)), Vsgk. (2.14) 

Moreover, if r is elliptic, then for any u G L 2 (X 2 ) and any s G R we have the equivalence relation: 

u G U A + m {X)®L 2 {X) <=, m e u G U At {X)®L 2 {X). (2.15) 

Proposition 2.8. P e is a self-adjoint operator in L 2 (X 2 ) with domain Tt™ {X 2 ). It is essentially self-adjoint on 

y{x 2 ). 



Proof. Following Lemma [2~6l the operator P e with domain H A (X 2 ) is well defined in L 2 (X 2 ). Moreover we know 
by Lemma [2~T1 (3) that P e is symmetric when defined on y(X 2 ) that is dense in H A {X 2 ) for its own norm-topology 
so that we conclude that P e is symmetric as defined on H A {X 2 ). 

Considering now equation (|2.4[) and Remark 12.51 it follows that P e as considered in the hypothesis of the 
Proposition is self-adjoint if and only if the operator SH e defined by (|2.13[) with a symbol r c (x, y, £) := p e (x, x — y,£) 
is self-adjoint in L 2 (X 2 ) with domain H A (X) ® L 2 (X). Using the symmetry of P t and its unitary equivalence with 
d\ t we conclude that £H £ is also symmetric on its domain. 

Let us fix some v G V(dK*)\ thus we know that v G L 2 (X 2 ) and there exists some / G L 2 (X 2 ) such that 

(5H e w,w) L2( ^ 2) = (uJ) L2{x2) , Vuey(X 2 ). 

We conclude that 9\ e v = / in y'(X 2 ) and due to (|2.15|) we have that v G "H A (X) ® L 2 (X). In conclusion we get 
that m*=V\ e . 

The last statement of the Proposition follows from the density of y(X 2 ) in T-l A (X 2 ) and the continuity property 
proved in Lemma l2.6l □ 



3 The auxiliary operator in L 2 [X x T) 



We begin with some elements concerning the Floquet-Bloch theory. We use the notations from the beginning of 
subsection 9.2 of the Appendix. 
Definition 3.1. yf(X 2 x X*) := 

:= {vey'(X 2 xX*) | v(x,y + -f,8) = e l<e <i > v(x,y,8)V-feT, v(x, y,6 + 7*) = v(x, y, 9) V 7 * G T*} , 
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endowed with the topology induced from S 1 " (A 2 x A"*). 

Definition 3.2. & Q (X 2 x X*) := J^(A 2 x X*) nLf 0C (X 2 x X*) DL 2 (X x E x E*) endowed with the quadratic 

norm 



(3.1) 



(3.2) 



hU ■= J\E*\-iJ x J E J^\v(x,y,e)\ 2 dxdyde, we^xr), 

that makes ^q{X 2 x A*) into a Hilbert space. 

We evidently have a continuous embedding of ^Pq(X 2 xA") into S* 1 (A 2 x X*). 
Lemma 3.3. The following map defined on S^\X 2 y. 

(U v u){x,y,e) :=^e i<e ' 7> u(a;,y-7), V(ar,y) E X 2 ,V8 E X*,Vu E ,y(X 2 ), 

extends as a unitary operator Uy : L 2 (A 2 ) — > ,^q{^X 2 x A"*). 
The inverse of the above operator is explicitely given by 

(WriOfoyJH^T 1 I v(x,y,e)d9, V(x,y) E X 2 , W e ^o^ 2 x X*). (3.3) 

is* 

Proof. Let us notice that for u <E ^(A 2 ) the series in (13. 2|) converges in <f(A 2 x A"*) and its sum, that we denoted 
by Writ evidently verifies the two relations that characterize the subspace S?{. (A 2 x X*) as subspace of &" (A 2 x A*) : 



{U T u){x 1 y,9 + 1 *) = (U r u)(x,y,6), V{x,y,9) E X 2 x X*, V 7 * £ T* 



(3.4) 



(U r u)(x,y + a,B) = ^e l<9 -~< > u{x,y + a - 7 ) = e l<e ' Q> (U r u)(x,y,6), V(s, y, 0) £ X 2 x A*, VaeT. (3.5) 
7er 

In particular, considering a fixed pair (a;, y) € A 2 , we obtain an element {Uru)(x,y, .) E ,S fi (T* ,d ) and due to 
Remark 19.111 we can compute its Fourier series that converges in ^(T* ,d ): 

(U T u)(x,y,6) = V(^)(z,y, 7 )e* <e ' 7> , (*£i) (*,!/, 7) = I^T* / e- i<e ^ > (W r w)(a;, y, 0) d». (3.6) 



7er 
We also have the Parseval equality 



7er 



= |£* 



|(Wru)(x,j/,0)| d0. 



(3.7) 



Comparing (|3.2[) and (|3.6p we conclude that (Urn) (x, y, 7) = u(x, J/ — 7); replacing then in (|3.7[) we get the equality 

IE*]- 1 I \(Uru)(x,y,6)\ 2 d6 = V lufoy - 7 )| 2 . (3.8) 



7er 



If we integrate the above equality over X x E we obtain that 



IE*]- 1 / / / \(U r u)(x,y,8)\ dxdydO = 
JX je Je* 



\u(x, y)\ 2 dxdy. 



(3.9) 



x Jx 



We conclude that U r u E &o (X 2 x A*) and Ut extends to an isometry Ut : £ 2 (A 2 ) — ► ^" (^f 2 x A*) . Thus, to end 
our proof it is enough to prove that the operator Wr is an inverse for Ut- Let us consider some v E J£b(A 2 x A*), 
then for almost every x £ X and y £ E we can write that 



v{x,y,0) ='£v^x,y)e i<e ^ > , in L 2 (E*), 
7er 



(3.10) 



with 



v^(x,y) = \E*\- 1 I e- i<e " > v(x,y,6)dd = \E*\- 1 [ v(x,y - 7 ,0)d0 = v {x,y - 7). (3.11) 

Using the above identity (|3.11|) and the Parseval equality we notice that we have the following equalities that finally 
imply that Wrv E L 2 (X 2 ) and the fact that the map Wr : ^o(X 2 x A*) -> L 2 (A 2 ) is an isometry. 



|W r v" 2 



L 2 (;t 2 ) 



|u (a:,y)| 2 cfedy 



x Jx 



X 



E 

7er 



\vo(x,y-j)\ 2 dy 



dx 



x 



7er 



|v 7 (a;,y)| 2 dy 



dx 
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,V 



J^I&yO^j/)! 2 ^ 



7er 



dx 



E*\~ l / Hx,y,9)\ 2 d8dy 

E JE* 



dx = \\v\ 



& (x*xx*y 



Moreover, for any u E y(X 2 ) we have that 



(WrUru)(x,y) = \E* 



7 er 



d0= \E 



*i-i 



E* 



i(x, y)dB = u(x, y), V(x, y) E X 2 
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Lemma 3.4. With the above definitions for the operators Ur and Wr we have that 

1. Ur admits a continuous extension to y'(X 2 ) with values in y^(X 2 x X*). 

2. Wr admits a continuous extension to y^(X 2 x X*) with values in y'{X 2 ). 

3. We have the equalities: UrWv — id,y (x 2 xx*)j WrWr = id^^x 2 )- 

Proof. Let us consider a tempered distribution u E y'(X 2 )\ in order to prove the convergence of the series (J3.2I) 
in the sense of tempered distributions on X 2 x X*) we choose a test function ip E y(X 2 x X*) and notice that 
for any i/£N there exist a seminorm ||.||„ onipe y(X 2 x X*) and a seminorm \\.\\' v on y'(X 2 ) such that the 
following is true: 



\(e l<e ^>u(x,y- 7 ),rtx,y,6))\ 



u(x,y), I ' 
x 



<e,7> 



ip(x,y + j,0)d0 



<||«|| , JM|„<7>- 



(3.12) 



This last inequality implies the convergence of the series (|3.2p in the sense of tempered distributions on X 2 x X*) 
and the fact that the map U T : y'{X 2 ) -» ,9"{X 2 x X*) is continuous. The fact that U T u belongs to y^(X 2 x X*) 
results either by a direct calculus or by approximating with test functions. 

Let us fix now some v E y^(X 2 x X*); then, for any test function i? E y(X 2 ), the application 



V4-.y(X)->C, {vD,y):={v,-&®<p), V(pE.y(X*) 



(3.13) 



is a r*-periodic tempered distribution that can be canonically identified with an element from y'ift). 
We define Wrv by 

(Wrv,0) iH^T 1 ^,!)^, V$e<y(X 2 ). (3.14) 

It is straightforward to verify that Wrv E ,9"{X 2 ) and that the application Wr : y^X 2 x X*) -> y'{X 2 ) is linear 
and continuous. Moreover it is evident that for the case v E ^o(X 2 x A"*), the definition (|3.14[) coincides with 
(GOD. 

The equality WrWr = i&y>(x 2 ) results from the one valid on the test functions by the density of y(X 2 ) in 
y'(X 2 ). In order to prove the other equality we notice that for any v E y{<(X 2 x X*) and any ■§ E y(X 2 ) the 
tempered distribution v§ defined in (|3.13|) belongs to y'(T* ,d ) and thus may be written as the sum of a Fourier 
series converging as tempered distribution in y'[X*y. 



I',) 



\E* 



^^2(vi),e~ 
7er 



:-,7>\ 

/f,,d 



J<.,7> 



(3.15) 



But, from 



we have that 



(W r Wrw)(x, 2 ;,0) = ^e l< ^ > (Wr«)(a;, 2 ;-7), in y\X 2 x X*). 

7er 



Let us notice that due to Q3.14p we can write 

((Wrv)(x,y- 1 ) 1 V(x 1 y)) = ((Wrv)(x,y),v'(x 1 y + 1 )) = \E*\- 1 (v iid ® T _ i) < )l l) T ,, d 
On the other hand, from (|3. 13[) we deduce that Vip E y(X*) one has that 

(v(id®T- y )0,<p) = (v, [(id<g)T_ 7 )tf] ®(p) = ((id®T T ®id)«,#(g)^) = 
= (v,# ® (e-^-'-Oip)) = (v#, e- l< -^> V ) . 



(3.16) 
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Let us recall the relation between a r*-periodic tempered distribution and the distribution it induces on the torus 

(as described in the Remark 19. 10)) : if ip £ C£°(X*) is choosen such that J2 T 7 *ip = 1 on A* (such a choice is 

7*er* 

evidently possible), then for any p £ j?(T*' ) we have that 

(v(id®T-~,)d, p) T ,, d = (~V(id®T-~,)-&, #)* , {v#,p)-f,,d = (tty, ■#) # ■ 

Thus it follows that (|3.16[) implies that 

(f(idl®r_ 7 )*>i l) T ,.d = ("(idgiT-,)!?,^)^ = (^, e _l< -' 7> i/') A , = (w, e _l< " 7> ) T , >d . 



We conclude that 



(UrWrv), = |S*r 1 ^(^, e - l <-^>) T „ 
7Gr 



J<-:~{> 



v#, 



n 



so that finally we obtain that WrWr = ^^" tx 2 xX')- 

Lemma 3.5. Let P e be the operator defined in Section 1 and P c r '■= Pe <8> idl. 

1. P e .r is a linear continuous operator in y^(X 2 x A"*). 

2. U v P t = P e , r W r on ,9"{X 2 ). 

Proof. We evidently have that P.v ■ J^(A 2 x X*) -> y(X 2 x X*) and P e ,r ■ ■¥" (X 2 x X*) -> J?"(A 2 x A"*) are 
linear and continuous. It is thus sufficient to prove that Vv £ ,5^{X 2 x X*} we have that: 

(p e ®id)v (x,y,e + -y*)= (P e <g> id) (idl ® id ® r_ r )u (ar, y, 0), V(x,y,6) £ X 2 x X* , V 7 * e T* (3.17) 



and 



(p<g)id)v (z,y + 7,0) = (P e id) (idl <g) r_ 7 ® id)w (x,y,6), V{x,y, 6) £ X 2 x X* , V7 £ T. (3.18) 



While the equality (|3.17p is obvious, for the equality (|3.18p we use (|2.3|) (with y replaced by y + 7) and the 
T-periodicity of p t with respect to the second variable. 

For the second point of the Lemma we use (|3.2|) and p,18[) and notice that for any u £ ,5^{X 2 ) and for any 
(x, y, 9) £ X 2 x X* wc have that 

(p e ,rW rU )(x,y,0) =£y<».7> [p £ (id®r 7 ) U ] (x,y) = J] e i<e -T > (P eU )( 2 :,y-7)- (WrP e «)(x,y,0) 



7er 



7er 
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We shall study the self-adjointness of P e acting in some new spaces of functions that are periodic in one 
argument. Let us first consider the operator P e ,r- 
Definition 3.6. Recalling the operator Q s e from Definition 12.41 ( 2) we define the operator Q S]£] r := Q s ,e <S> id. 

As we have already noticed about the Definition 12.41 (2). the operator Q s ,e is obtained from <5 s ,e by "doubling 
the variable" in the same way as P e is associated to P e . Then we have a result similar to Lemma 13.51 and deduce 
that Q s ,e,r is a linear continuous operator in y^X 2 x A"*). 
Definition 3.7. For any s £ K we define 

J? s , e (A 2 x X*) := {w £ y{,(X 2 x X*) I Q s ^tv £ ^ (X 2 x A*)} 

that is evidently a Hilbert space for the quadratic norm 



Ml*... 



rv 



Vv£,? s .JX 2 x X* 



Lemma 3.8. Let H s Ac (X 2 ) be the Hilbert space defined in (l2~TTj) . Then U T : H At (A 2 
unitary. 



(3.19) 
J? S , £ (A 2 x A*) zs 
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Proof. Let us pick u £ H A (A 2 ); thus we know that u £ y'(X 2 ) and Q s ,eU £ L 2 {X 2 ). We denote by v := Writ £ 
o^ r (A 2 x A"*). From Lemma [3.51 we deduce that UyQ s ,c = Qs,e,r^r on ^'(A 2 ), and from Lemma [3.31 we have 
that U r Q s ,eU £ J^A 2 x X*). We conclude that Q s , e ,r« G ^o(A 2 x A"*) so that u G ^s, e (A 2 x X*). Moreover, 



\\U T u\ 



& B . 



\\ v \\&.,. 



Qs.e.TV 


&0 


UtQs,eU 


&0 


Qs,eU 



L 2 (X 2 ) 



implying that Ur : H A (X 2 ) — > & 8 AX 2 x A*) is isometric. In order to prove its surjectivity we consider v £ 
& a , e (X 2 x X*)- then v G ^(AT 2 x A"*) and also Q s ^ v v £ & (X 2 x X*). Let us define u := Wr" G J?"(A 2 ) 
(Lemma 13. 4p . Then we apply Lemma T3. 5 1 and deduce that WrQ s ,c,r = Q s ,eWr on S^(X 2 x A"*), so that we have 
Q s e u — WrQ s ,e,rv £ L 2 (X 2 ) and we conclude that u £ H A (A 2 ) and Uru — v. D 

Lemma 3.9. The operator P £ r defined on & m AX 2 x A*) is self-adjoint as operator acting in the Hilbert space 
& (X 2 x X*). 



Proof. By Proposition ^. 81 P ej r is self-adjoint as operator acting in L 2 (A 2 ), with domain T-L A (A 2 ). By Lemma 
the operators U T : L 2 (X 2 ) -> & Q (X 2 x A*) and U T : H% (A 2 ) -> & m>f (A 2 x A*) are unitary.Finally, by Lemma 
we have that P £ jUt = UyP t on H™ (A 2 ), so that P £i r is unitarily equivalent with P e . □ 



We shall need some more function spaces in order to come back to the operator P e . 
Definition 3.10. Let 9 £ X* and s £ M. 

1. ^'(A 2 ) := {u£y"(X 2 ) | (id(g)T-~ l )u = e l<e <~ t> u\/j £V} endowed with the topology induced from 
^'(A 2 ). 

2. Hg e (A 2 ) := I u £ ,y e '(A 2 ) | Q Si€ u £ L 2 (X x E) > endowed with the following quadratic norm 



M\Hl 



Qs,eU 



L 2 (XxE) 



, Vu£H s g JX 2 ). 



(3.20) 



3. /C e s (A 2 ) :=Hg, £ (A 2 ). 
As we already noticed in the proof of Lemma [XS1 for any u £ =5^' (A 2 ) the following equality holds: 

(id ®T-r 1 )P e U = Pe (id ®r_ 7 )u, V7 £ T. 

It follows that the operators P e and Q s ,e leave the space ,5^' (A 2 ) invariant. We shall use the notation c5^ '(A 2 ) = 
^p(A 2 ). Let us also notice that for s — the spaces defined in (2) and (3) above do not depend on e and will be 
denoted by T-Lg (A 2 ) and respectively by /C(A 2 ); this last one may be identified with L?{X x T). 
Lemma 3.11. Let us consider the map if) defined by (|2.1[) . Then for any s£l the adjoint ip* is a unitary operator 
/Cf (A 2 ) -> W Ar (A) ® L 2 (J). In particular K, s e (A 2 ) is a Hilbert space for the norm (|3~20|) having S»{X x T) as a 
dense subspace. 

Proof. The case s = is straightforward since the map if>* leaves invariant the space c5^p(A 2 ) and for any u £ 
y(X x T) we have that 



|i/>*m| 



L 2 (A"xT) 



\u(x, x — y)\ dy I dx - 

X \JE J JX 



\u{x, x + y)\ dy I dx 



\u(x,y)\ dy)dx = / \u{x,y)\ dy ) dx = \\u\\ L2(XxT) . 

X \Jx-E / JX \JE / 

For any s£l\ {0} we fix some u € ^/(A 2 ) and notice that: 

u G /C e s (A 2 ) ^ Q s , e u G L 2 (A xT)o tp*Q' s ^*u £ L 2 {X xT)» (Q s , e ® id)V>*« G i 2 (A xT)o 

and we also have that || , 0*u|| W3 ix)®L 2 n) = \\ u \\K-%- 

The last statement becomes obvious noticing that W A (A) ® L 2 (T) is a Hilbert space with =5^ (A x Tj a dense 
subspace in it that is invariant under the map if}. □ 
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Lemma 3.12. For any 8 G X* and s G R we have that the operator Tg : ,y(X 2 ) — > J?(X 2 ) defined by 

(Tgu)(x,y) := e i<6 ' x - v> u(x,y), 

induces a unitary operator T-L 8 e e (X 2 ) — > K, s (A 2 ) . In particular we have that T-L 8 g e (X 2 ) is a Hilbert space containing 
y(X 2 ) := Tq X \S^{X x T)] as a dense subspace. 

Proof. Let us prove first that for any 9 G X* we have the equality: 

P t Tg = T e P e , ony'(X 2 ). (3.21) 

It is clearly enough to prove it on y(X 2 ) ; but in this case it results directly from (j2.3[) because (x+y~y) — y = x — y. 
Then the following equality also follows 

Q s ^T e = T e Q Si€ , on,y"(X 2 ). (3.22) 

We notice further that Tg takes the space 5^" S {X 2 ) into the space S^[X 2 ), while the operator Q se leaves invariant 
both spaces S" 6 (X 2 ) and S% (X 2 ). 

For u G J7g(X 2 ) we have the equivalence relations: 

u e n s g\ e (X 2 ) <s> Q s , e u G L 2 {X x E) <^ TgQ s>e u G L 2 (X xl)« Q^.^Teu G L 2 (;f xT)« 

^T e uG/Cf(A- 2 ) 

and the equality ||rew|| Ks = ||w||% s . 

The last statement is obvious since Lemma [3.111 implies that JC S (X 2 ) is a Hilbert space having y(^ x T) as a 
dense subspace. □ 



Lemma 3.13. For any s G R we have that P, G B(K. s+m (X 2 );JC s (X 2 ) J uniformly for e G [-e ,e ] 

Proof. We have seen that: 

• J^( A" x T) is a dense subspace of JC s+m (X 2 ), 

• ij}* : K. s (X 2 ) — > T-L S A (A) (g) L 2 (T) is a unitary operator that leaves S^{X x T) invariant. 
It is thus enough to prove that Vs G R, 3C S > such that: 



ip* P e tp*u 



< C s \\u\\ .w, x ,_, V«ey(^xT), Vee[-e ,e ]. (3.23) 



«1.(*)®L»(T) " ° s||U|l < m (^)^ 2 (T)' 

Formula (|2.4[) in Lemma l2~2l implies the equality: 

(rhru) (x, y) = {2*y d J J ^ e^'-OvA. (x, y) Pe (^, ^ - y, v) u(y, y) dy d V , V« G .Y(X 2 ) . 

(3.24) 
But let us notice that the integral in (|3.24[) is well defined for any « £ y(^ x T) so that we can extend it to such 
functions (considered as periodic smooth functions in the second variable) either by duality and a computation 
in .y"(X 2 ) or by approximating with functions from .y(X 2 ) with respect to the topology induced from y'(X 2 ). 
By the same time, the properties of the oscillating integral defining the right side of (I3.24J) allow to conclude that 
i/j*P £ '0* G M(y(X x T);,y(A" xT) . Considering now y G X in (J3.24I) as a parameter, the usual properties of 
magnetic pseudodifferential operators (see Q]5]) imply that Ve G [— eo,eo], 3C S > such that: 

rl>*P^*u(.,y) 2 .. < C 2 \\u(.,y)\\ 2 + , v V(y,e) e X x [-e ,e ], Vn € S>{X x T). (3.25) 

Integrating the above inequality for y G T we obtain (|3.23[) . D 

Proposition 3.14. P e is a self-adjoint operator in K,(X 2 ) = L 2 [X x T) with domain Yi™{X 2 \; it is essentially 
self-adjoint on 5^\X x T) . 



1G 



Proof. Considering Lemma [37TT1 that implies that for any s € K the operator ip* : JC s e (X 2 ) ->■ H% t (X) (g) L 2 (T) 
is unitary and leaves invariant the subspace 5f(X xl), it will be enough to prove that ip*P e i(>* is self-adjoint in 
L 2 (A x T) with domain U\ (A) ® L 2 (T) and essentially self-adjoint ony(^xT). 

Due to the arguments in the proof of Lemma [3.131 we know that ijj* P e xjj* is well defined in L 2 (X x T) with 
domain H™ € (X) <g> L 2 (T) and on y(X x T) is defined by the equality (|3~2gj) . A straightforward check using (|3T2"4")l 

shows that the operator tj}* P t xp* is symmetric on ^(A x T), that is a dense subspace of H™ (A") g) L 2 (T). As we 

know that ip*P e i(>* £ 1(7^ (A) ® L 2 (T);L 2 (X x T)), it follows that ip*P € i>* is symmetric on its domain too. In 

order to prove its self-adjointness let us fix some v £ 2?([i/>*P e i/>*]*); it follows that v € L 2 (X x T) and it exists 
some / £ L 2 (X x T) such that we have the equality 

(Vpt/>* M ,«) = (u,/) L2( ^ xT) , V«ey(^xT). 

V /L 2 (;txT) ' x ' 

Thus ip*P e ip*v = / as elements of J^'(A x T) = .Y^(X 2 ). We notice that the Remark |2~T1 remains true if we 
replace X 2 by X x T and thus we have that w £ H™ (A") (g) L 2 (T) and thus v belongs to the domain of xp*P e xp* . 
The last statement clearly follows from the above results. □ 

We shall present now a connection between the operators defined in the Propositions 12.81 and 13.141 
Proposition 3.15. Considering P c as operator acting in ^"(A 2 ) we shall denote by P' t the self-adjoint operator 
that it induces in L 2 (X 2 ) with domain H™ (A 2 ) (as in Provosition \2.8]) and by P" the self-adjoint operator that it 
induces in L 2 (X x T) with domain /C™(A 2 ) (as in Proposition \3.1J\) . Then we have the equality: 

a{P' e ) = a{P'J). (3.26) 

Proof. From the arguments in the proof of Lemma 13.91 we deduce that UrPlU^ 1 = P.r := P ® id, that is a 
self-adjoint operator in ^q[X 2 x X*) with domain ^ m , £ (A 2 x X*). 

On the other side from Lemma l3.12l fand the arguments in its proof) we deduce that for any 9 £ X* the operator 
P t fi := Tg l P' e 'T0 is the self-adjoint operator associated to P e in Tie (A 2 ), having the domain "H™ e (A 2 ). 

We shall consider the spaces ^o(A 2 x A*) and ^^(A 2 x A*) as direct integrals of Hilbert spaces over the 
dual torus; more precisely: 



^o(X 2 x A*) S f H e (X 2 )dd, ^ m , £ (A 2 x A*) * f U n e \(X 2 

Taking into account that: 

(P eX u){x,y,0) = ((P €t gu)(.,.,9))(x,y), Vu e J? m , £ (A 2 x A*), 

and the function: T*- d 3 8 h^ (P £i e + i) £ B(H0;He) is measurable, we can write: 



)d0. 



P,r = / Pe,edS. (3.27) 

We can now apply Theorem XIII. 85 (d) from [32] in order to conclude that we have the equivalence: 

Aecr(P,r) -^ V<S>0, {8eT*' d \ a(P e , e ) f)(X- 8,X + S) ^$\ > 0. (3.28) 

Let us notice that a[P e} g) is independent of 8 £ T*- d and deduce that cr(P £] r) = o~\P'J). But the conclusion of the 
first paragraph in this proof implies that cr(P £) r) = o~{P'A and we finish the proof. □ 

We shall end up this section with a result giving a connection between the spaces: /Cf(A 2 ), ^ 7 (A; - H S (T)) and 
t 5^'(A;H s (T)). We start with a technical Lemma. 

Lemma 3.16. Let B be a magnetic field with components of class BC°°(X) and A an associated vector 
potential with components of class C5£ ( . Let us consider a symbol q £ S((E>) for some s £ R. We de- 
note by Q := Dp (q), Q' := Q <g> idl and Q := ip*Q'xp* , where ip is defined by (|2.1j) . Then we have that 
Q £ B( I 5^(A;H S (T)); S^\X\ L 2 (T))) uniformly for q varying in bounded subsets of Sf(E) and for B varying in 
bounded subsets of PC 00 (A). 
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Proof. On 5f{X\ ?^ S (T)) we shall use the following family of seminorms: 

1/2 

nnr* 

»(T) 



\u\ s ,i := sup 

q|<; 



,v 



<x> 21 \\(d%u){x,.)\\ 2 HBm dx 



leN,«ey(^;H s (T)). 



We have to prove that for any fc£N there exist I £ N and C > such that: 



Qu 



< 



O./v 



C|u|.,i, Vu£.y(X:H s (T)), 



(3.29) 



(3.30) 



uniformly for q varying in bounded subsets of S^ (S) and for B varying in bounded subsets of BC°°(X). 
Using (|2.3I) and (|2.8p . or a straightforward computation, we obtain that for any u € S?\X x TJ: 



(Q«) (»,!/) = (2^)- d y / ^ l< ^^ > ^( a ;, a ;-y + y) ( 7(a ; + ^,7 ? ) U (x-y + y,y)dyd7 ? . 



(3.31) 



In particular we obtain that Qu e y(l x T). 

For x,y,y and 7/ fixed in A"*, we consider the following function of the argument t £ X: 

t-y 



$(*) := u A (x,x-y + t)q(x-\ — ,7?j u(x -y + t,y), 



(3.32) 



and notice that its value for t = y is exactly the factor that multiplies the exponential e i<n ' y y> under the integral 
in (|3.3ip ; let us consider its Taylor expansion in t £ X around t = y with integral rest of order n > d + s: 

*(y) = ^2 fa(x,y,y,r])(y-y) a + J^ g a (x, y,y, rf){y - y) a , (3.33) 

a|<n |a|— n 

where 

f a (x,y,y,r)) ■■= 5^/a/9(!r)ga^(a!,»?)(^tt)(s,Sf), f a p£C^{X), q aP £S s 1 {E) (3.34) 

/3<a 



and 



9a(x,y,y,v) ■= y~] / ^T,a,/3(x,2/-y)9a^(a; + (1-t)— ^— il)(^«)(«- (l-T~)(y-y),y)dT (3.35) 

where /i TiQj ^ € C^A x A") uniformly for r e [0, 1] and q a p £ S"(3). 

We use the relations (|3.33p ~ (|3.35p in (J3.31I) and eliminate the monomials (y — y) a through partial integrations 
using the identity 

(y-y) a e l<7h y- y> = (- D v ) a e l<n ^- y> . 

Finally we obtain: 



(Qu)(x,y) = V y2f a p(x)(T a pu)(x,y) +53 53/ (R a p(T)u)(x,y)dT, 



where 



|a|<n /3<a 



l«|=n /3<c 



(27T) 



-d 



X J X 



(T ap u)(x,y) :=(27r)- d / e^'y-y>t aP (x,r 1 )(d^ x u)(x,y) dy d V , t a? £ ^ _|a| (S), 

(R al3 (T)u)(x,y) := 
i e* < ^- fi> ft T , Q ^(a: ) y-iOr^(x + (l-r)^,»j)(^tt)(a:-(l-r)(y-iO,y)di/d»?, r Q/3 e ^"(S). 



(3.36) 

(3.37) 
(3.38) 



We begin by estimating the term T a pu, by using Lemma 19.201 Starting from (|3.37p and considering a: € X as 
a parameter we conclude that there exists a semi- norm c a p(q) of q £ S( (S) such that 

||(T Q/3U )(a;,.)||' 2(T) < c^( g ) 2 ||(af U )(x,.)||^ (T) , Vx e A 1 , Vu £ y{X x T). (3.39) 

Let us consider now the term R a p(r)u. We begin by noticing that due to our hypothesis there exists a constant 
C(B) (bounded when the components of the magnetic field B take values in bounded subsets of BC°°(X)) and 
there exists an entire number a £ Z such that 



\hr ta ,fi(x, y-y)\ < C(B) <x> a <y-y > a , V(s, y, y) £ X\ Vr e [0, 1]. 



(3.40) 
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We integrate by parts in p.38|) . using the identity 



J<r/,y-y> _ 



.JV 



i<v,y-y> 



e—"» " =<y-y> 2N (l - A,,) e 

This allows us to conclude that there exists a seminoma c' a a N (p) of the symbol p £ Sf{S) for which we have the 
inequality: 

\(R a/ 3(T)u)(x,y)\ < C{B)c' apN {p)<x> a f < n > s ~ n dr) f < z > a ~ 2N | (fl£u) (a; - (1 - t)z, y - z) \ dz 

Jx* Jx 

(3.41) 

for any (x,y) £ X 2 and any r £ [0, 1]. We recall our choice s — n < —d, we choose further 2N > a + 2d and we 

estimate the last integral by using the Cauchy-Schwartz inequality. We take the square of the inequality (13.411) 

and integrate with respect to y £ E concluding that there exists a constant Co > such that 

\(R a p(T)u)(x,y)\ dy < 



E 

-2d 



< C Q C{Bfc' a0N {pf <x> 2a I : - 2a ( J \{d*u){x-{l-T)z,y-z)\ 2 dy\dz, Vx £ X, Vr £ [0, 1] 
For any T-periodic function v £ Lf oc (X) and for any z £ X we have that 



\v{y-z)\ 2 dy = / \v(y)\ 2 dy = / \v(y)\ 2 dy 

E Jt z E JE 

so that for any k £ N there exists Ck > such that for any r £ [0, 1] we have that 

<x> 2k \\(R a p(T)u)(x,.)\\ 2 L2{T) < C k C{B) 2 c' aJi , N {p) 2 f <x> 2a+2k \\(d«u)(x,.)\\l m dx. (3.42) 

For the derivatives d£ (T a pu) (x, .) and <9£ (i? Q/ 3 (t)uJ (x, .) (for any fj, £ N d ) we obtain in a similar way estimations 
of the same form (|3.39[) and (|3.42|) and using (|3.36[) we obtain (|3.30[) . D 



Lemma 3.17. The following topological embeddings are true (uniformly in e £ [— €o,eo])-' 

,y(X;H m (T)) <->■ ICT(XxX) <-» ,9" {X;U m {Y)). 



(3.43) 



Proof. In order to prove the first embedding we take into account the density of S^{X x T) into y(X;7i m (T)) 
and the Definition ^. 101 (c) of the space JC™(X x X). It is thus enough to prove that there exists a seminorm \.\ m ,i 
on ,y(X;n m {T)) such that 



L 2 (XxT) 



< C\u\ m ,h Vu£,y(XxT). 



(3.44) 



But this fact has been proved in Lemma [3.161 (inequality (13.301) ). 

For the second embedding let us notice that the canonical sesquilinear map on y'(X; H m (T)) x y(X; 'H m (T)) 
(associated to the duality map) is just a continuous extension of the scalar product 



(u,v) m := (u(x,.),v(x,-)) H m (T) dx, y{u 1 v)£,y(X;n m {T))x9(X ] 'H m {T)). (3.45) 



,v 



Due to the density of y(X x T) into IC" l (X x X), this amounts to prove that it exists a continuous seminorm |.| m ,j 
on y(X;H m (T)) such that we have that 



\(u,v) m \ < ||u||x:-.-|«U,i V(u,v)£y(X;H m (T))x,y(X-H m (T)), 



(3.46) 



where 



M\KX = 



^Vm.e^ 



L 2 (Xxf) 



Let us notice that 



r2 ,v yT > = (Q m ,eu, Q- m Al® < D r > 2m )v) 

L (Xxf) V v ' J L 2 (XxT) 



(u,v) m = (u, (1® < D r > 2m )v) 
We denote by vr := (l® < -Dr > 2m )v £ y{X x T) and notice that we have the inequality 



\(u,v) m \ < 



L 2 (XxT) 



Q-m,eV r 



L 2 (XxT) 



(3.47) 
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We conclude thus that the inequality (|3.46[) follows if we can prove that there exists a seminorm \.\ m ,i on 
y(X; U m (T)) such that we have 



,i'r 



< C\v\ m ,i, Vvey(XxT). 



(3.48) 



L 2 (A'xT) 

From Lcmma [5.16l (inequality (JX3H1)) we know that there exists a seminorm |.|_ m ,j on y{X xTJ such that we have 



Q-m,eV r 



L 2 (XxT) 

Now (|3.48|) follows from (|3.49[) once we notice that 

\Vv\-m,l = \v\m,l- 



< C\v r \- m> h Vve.y(XxT). 



(3.49) 



D 



4 The Grushin Problem 



Suppose given a symbol p satisfying the assumptions of Lemma [9.221 i.e. p £ 5j™(T) real and elliptic, with 
m > 0. The operator P := Dp(p) has a self-adjoint realisation in L 2 (X) having domain T-L m (X) and being lower 
scmibounded and a self-adjoint realisation Pr in L 2 (T) with domain /C TOj o being also lower semibounded. 
Lemma 4.1. There exists N £ N* , C > and the linear independent family {(pi, . . . , 4>n} C ^(T), smc/i i/iai i/ie 
following inequality is true: 



(P r u,u) L2{Tj > C 1 \\u\\ 



- C 



N 



i=i 



L 2 (T) 



Vu e Kmfl- 



(4.1) 



Proof. The manifold T being a compact manifold without border, K m o is compactly embedded in L 2 (T) and the 
operator Pp has compact resolvent. Let us fix some A € R and let us denote by J3\ the spectral projection of 
Pp for the semiaxis (-co, A]. We choose an orthonormal basis {4>i, ■ ■ ■ , <Pn} for the subspace 9\an(E\) of _L 2 (T). 
Then 9\an(l~ E\) is the orthogonal complement of the space Sp{(j)i, . . . , 4>n} generated by {</>i, . . . , (J>n} in £ 2 (T); 
moreover, for any v E T>(Pr) fl 9tan(l — Pa), one has that 



In conclusion: 



{P r v,v) L 2 (T) > A||u||| a(T) . 
(P r v,v) L 2 (T) > A||w|| 2 2(T) , Vv e K, m , n[Sp{<f> 1 ,...,<j)N}} ■ 

N 



(4.2) 



If u £ /C m .o we have that v :— u — ^2 (u, 4 > i)L^{T) < t > i belongs to the subset of vectors verifying (|4.2[) and thus we 
have that 



(P r v,v) L2(T) > A 



N 
U-^2(u,(/) j ) L 2 (T) 
3 = 1 



N 



= A \\\ u \\h(T)-^2\( u ^j)L 2 (T) 



(4.3) 



L 2 (T) 



J=l 



On the other side, if we know that Pr4>j = ^j<t>j f° r anv 1 < i < ^V, then we have that 



A ; 



JY 



{P r v,v) L2{r) = [ Pru-'^2(u,<l>j) L 2(Y)Pr(l>j , u-^2(u,(j) k ) L 2 m (t) k 



fc=i 



L 2 (T) 



AT 



N 



= ( P rU, U) L 2 {T) ~ Y ("' ^fc)L 2 (T)( U ' ^T0fe)z, 2 (T) - Y^, </>j)l 2 (T) (Pt^j , ") L 2 (T) + 
fc=l j=l 

+ X! ( u >j)L 2 (T)(w,0fe) L 2 (T) (Pr0j,0fc) L 2 (T) = 



j,fe=l 



TV 



(Prw,u) L2(T) - ^Aj |(u,< 

3=1 



'3'L 2 (T) 
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If wc compare this inequality with (|4.3j) we conclude that 



A r 



(P r u,u) L 2 {T) > A||m||| 2(t) - ^(A-Aj) (w,^) L2(T) 



Finaly we obtain that 



Il 2 (t) 



> 



(Pru,u) 



L 2 (T) 



N 



( u ><P:/),l 2 (t) 



Vu e /C m .o- 



(4.4) 



In order to prove (|4.1[) we put together (J4.4I) with the Garding inequality (|9.36[) and conclude that it exists 
Co > such that 

(P r u,u) L2{T) > C^Hull^^ - Co||u||| 2(T) , Vue/C m , . 

D 



Remark 4.2. From Remark 19.231 we know that for any £ G A* the operator Pr.£ is self-adjoint and lower 
semibounded in L 2 (T) on the domain K. m ^. If we identify /C m .£ with H]™ C (X) fl J*p (A") endowed with the norm 
|| < D + £ > m u|| i 2 ( J E) 5 we deduce that the operator P^ is self-adjoint in Lf oc (X) n =5^(A) with the domain K m £- 
Noticing that P = a^P^a-^ and er^ : /C S] £ -> =^" s ,4 is a unitary operator for any set and any £ G X*, it follows 
that P generates in ^0.5 a self-adjoint lower semibounded operator on the domain & m £. 

Lemma 4.3. Suppose given a compact interval I C R; it exists a constant C > 0, a natural integer TV G N and 
the family of functions {ipi, ■ ■ ■ , iPn} having the following properties: 

b) i>j{y,v + i*) = i>j(y,v), V(»,r?) e a, v 7 * e r\ l<j<JV. 

C J {'0j( , )O}i<i<JV *s an orthonormal system in J?o,j /or any £ € A"*. FFe denote by 7\ the complex linear space 
generated by the family {ipj(-,£,)}i<j<N in &a,£ an d by TJ~ its orthogonal complement in the same Hilbert 
space. 



d) The following inequality is true: 

((P - X)u,u) ^ > C\\u\\% 0A , Vug ^n^ 1 , V£gA*, VAGJ. 



(4.5) 



Proof. It is evidently enough to prove (|4.5[) for A = Ao := sup/. We apply Lemma [4.11 to the operator Pr,£ — Ao 
with £0 G X* to be considered fixed. We deduce that there exists Co > 0, No G N* and a family of functions 
{t/"i(',£o), • • •) V'JVo('»£o)} from J^T) such that the following inequality is true: 



A'c, 



(( p r,?o ~A )f,f) L2(T) > Co 1 !^!!^/^ - c oYl \( v ^j(-^o)) L 2 {T) , VuG/C m , fo 



i=i 



(4.6) 



Taking into account the result in Example 1 9.21[ we notice that the map X* 3 £ 1-4 Pr.£ G B(/C s + m ,^ ; /C s ,^ ) is 
continuous for any s G R (it is even smooth); it follows that 



((ft.co ~ Ptt)v,v) L2{T) < ||Pr, ?0 - p r,dn(K 



/2,s ;K- m /2,5 ) 



MIL 



72, So' 



Vv G /C m , ?0 . 



We conclude that for some smaller constant Co, the inequality (|4.6p is true with Pp. 5 in place of Pr,£ on the left 
side, for £ G Vb some small neighborhood of £0 in A*. 

Let us define now the family of functions {f/'i, • • ■ , iPn}- Let us first notice that 



$(•>&) 



._ „*<&>,■> 



W,fi,)6H^)n% 



Then let us also notice that for any S > we can find functions tjj ■ G Cq°(E), with P the interior set of P, such 
that 



$(•»&) -^ 



< <5, l<j<iV . 



i 2 (s) 



Then we define 



^•(z,£o) := J! ^> ~ 7)e l<5o ' 7> , I < j < N 
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and we notice that tpj(;£o) & C°°(X) n ^o,£ an d ^j(->£o) = "0j on ^- Thus we can finally define 

^•(x,0 := X)Ji( !B -7)e <<C '' r> 1 l<j<N , V(x,£) e ~. 
7er 



(4.7) 



These functions evidently verify the properties (a) and (b) in the statement of the Lemma. It is also clear that for 

o o 

any £ G A 7 * we have that ipj(-,0 € =^b,£- Moreover we have that tpj(.,£) = V^ = ^i(-)^o) on E 1 , so that 

||^(.,e )-^(.,£)|| L2(£) < 5, V£eA-*, l<i<JV . 

From this estimation we may conclude that Vk > we can reduce if necessary the neighborhood Vq fixed above, 
such that V£ G Vq and Vw e IC m .^ we have that for 1 < j < Nq: 



(«,$,-(.,&)) 



E 



< 



L 2 (T) 



v(y)^j(y,^o)dy 



J<£o,y> 



v(y)ip'Ay,€o)dy 



e i< to" > v(yM(y,&)-1> j (y,ZJ\dv 



< 



< 



< 



i<£,v> 



v{y)i>j(y,Ody 



Je 



<(o,v> _ e *<£,y>- 



v(vHj(y,Qdy 



e i< t°>v>v{y)[ l l/ J {y,ZD)-il> j (v,S)]dy 



< 



< 



J<i,y> 



v(y)ipj(y,Qdy 



+ K\\v\\ L 2( E y 



From this estimation we deduce that, by reducing if necessary the constant Co > we can replace in the right 
hand side of (|4.6[) the scalar products (v,ifjj(.,£o)) L 2/ T \ with the scalar products (c l< ^ , ' > v,ipj(.,Q) ^ for £ e Vq. 
Let us consider a vector u E &rn,£ and associate to it the vector v := e~ t< ^' > u that belongs to JC m .(, and taking 
into account the equality 

e *<«.->p ee -*<e,.> u = p u 

we deduce from (|4.6|) and the above arguments that we have 



A f o 



{{P-\ )u,u)^ oi > Co^Hull^ -CoE («»^-(.,0)^ 0it . Vue^,V(el/„ 



i=i 



(4.8) 



Taking into account that ^" Si j+ 7 « = J^^ for any s € R, any £ G A"* and any 7* G T* and the fact that the 
functions ijjj{ x i ■) are r*-periodic (for 1 < j < No), we conclude that it is enough to prove (|4.5[) for (eT,. Being 
compact, T* can be covered by a finite number of neighborhoods of type Vq (as defined in the argument above). 
In this way, repeating the procedure explained above we can find a finite family of functions {tpi, ■ ■ ■ , ippj} (with 
some quite larger N in principle) that will satisfy the properties (a) , (b) and (d) from the statement of the Lemma. 
We select now out of this family a maximal linearly independent subfamily of N functions {V'l, ■ • ■ t^n} (it can 

00 o 

be characterized by the property that the functions {ip l , . . . ,ip N } is a linearly independent system in Cq°(E)). 
Let us notice that this last step (the choice of the maximal linearly independent subfamily) does not change the 
subspace 7^ that they generate. Finally we may use the Gram-Schmidt procedure in order to obtain a family of N 
orthonormal functions from =^o,£ • d 



Lemma 4.4. Under the assumptions of Lemma \4-3\ we denote by LT^ the orthogonal projection on 7^ in the 
Hilbert space =^0,4 and by S(£, A) the unbounded operator in 7f defined on the domain ^ m .£ H T^ by the action 
of (1 — IL^) [P — A) . Then the following statements are true: 

a) The operator S(£,X) is self-adjoint and invertible and S(£, A) -1 G B(X _L ;7^ L ) uniformly with respect to 

(£, A) G T d * x /. 

b) The operator S(£, A) -1 also belongs to V>(T/",^ m ,£) uniformly with respect to (£, A) G T d * x I. 
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Proof. The operator S(£, A) is densly defined by definition and is symmetric on its domain because for any couple 
(u, v) £ [&m,i H T/~] we can write that: 

(S^X)u,v), 0it = ((l-U £ )(P-X)u,v)^ oi = (u,(P-A)(l-II e >)^ = 

= ((i-nc)u,(p-A)«), 0i€ = («,stt,A)«), 0it . 

In order to prove now the self-adjointness of the operator S(£, A) let us fix some vector v £ 'D(S(£, A)*) ; thus we 
deduce first that v £ T/~ and secondly that there exists a vector / £ 7* such that (5(£, A)tt, w) _ = (u, /) ^ 
for any u £ & m ,i H 7c ■ For any vector id g <^ro,£ we can write that u> = II^w + (l — nHitf and 

N 

Thus we have that 

{(p-\)(i-nt)w,v), gt = ((i-n f )(p-A)(i-n^)^ = (^,A)(i-rh>,z,)^ = 

= ((i-n*)ti>,/)* 0i€ = (w,f)r 0>t , 

and 

((p-A)n w )^ =j;K^W)*, ( (( p -%W).i ( = K/oU)U, 

JV 

where /g(., £) := X] ((P — AWjC-jOj v ) ar 7 /'?'(-; G 7f . In conclusion we have that for anny u> £ c£ m c: 



((P-Aju;,!;)- = (« 1 / + /o(,()L ( , / + /oU)^o. 



«• 



Recalling that P — A is self-adjoint in ^ ,£ w ^ n domain ^ m ,f we conclude that v £ & m £ fl 7/ 1 = T>{S{^, A)). 
The invertibility of 5(^, A) follows from (|4.5[) noticing that 



*<i 



(S(Z,\)u, u )# 0ii > C\\u\\% oi Vu e JW7f, V£ e T , VA e I. (4.9) 

From this last inequality follows also that S(£, A) -1 £ 8(7^^; &m,i) uniformly with respect to (£, A) £ T* x I. 

b) For any fixed £o € T* and Ao € / we know that Pr,£ D — Ao is self-adjoint in /Co,j on the domain K. m .^ and 
that the Hilbert norm on K, m ^ Q is equivalent with the graph- norm of Pr,£ — Ao- It exists thus a constant Co > 
such that 

IMk„,. £o < C (||«|k . eo + IKPr^-AoHI^J, Vi>€/C ro , & . (4.10) 

Taking into account the Example 19.211 we know that the application X* 3 £ H> Pr,£ € B(/C mj o;^o,o) is of class 
C°°. Noticing that 

\\(P r ^ -Xo)v (Pr, e - A)HI Ko , eo ^ C ll p r, ?0 - Pr,dl B(Km , o;Ko , o) IMk m .« + |A-A ||Hk Mo , 

for any (£, £o) £T, xT tl any (A, Ao) £ I x I and any v £ /C m ^ , we deduce that there exist a constant Cq > and 
a neighborhood Vb of £o G T* such that 

IMk m .« < C (|Mk .« + || (Pr,c - A)«||;c 0l J , V(£, A)eF„x 7, W e £ m , £ . (4.11) 

The manifold T* being compact we can find a finite cover with neighborhoods of type Vq as above and we conclude 
that (|4.11[) is true for any ^eT, with a suitable constant C . 

Considering now some vector u £ &m,£ & n d denoting by v := o~-gu £ fC m £ we deduce from (|4. 1 1[) that 

\W\\* m , t < Co (||«ll*b.« + ll( p - A HU J' VK,A)6T,xJ,Vi.G^. (4.12) 

Considering now u £ ,^ m £ H Tj 1 = T>[S(£, A)) we can write that 

N 

{p - x)u = s(t,x)u + M p - x ) u = s (^ x > + E ( u ' ( p - *)M->t)), t M->t)> 

3=1 
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and we know that the norm in J^o,£ of the second term on the right (the finite sum over j) can be bounded by 
a constant that does not depend on £ G T d * multiplied by ||tt|| .£■„-. Using (|4.12p we deduce that there exists a 
constant C > such that 

Nk m ,, < c(||u||^ 0i< + \\S(£,X)u\\^ oi ) VfeAJeT.xJ, V«e^ m , £ n7^. 

This inequality clearly implies point (b) of the Lemma. □ 

Let us define now the following operators associated to the family of functions {V-'j}i<j<JV introduced above. 
For any £ G T* we define: 

V«£%, R+(Ou := {(«,^(,0), ,J €C W ; (4.13) 

N 

Vu~{u v ...,u N }€C N , L(()u:=^ % ^(,Oe% (4.14) 

3=1 

Evidently we have that V^ £ T», P+(£) € M(,^;C N ) and P_(£) G B(C W ; J^)- 
We can define now the Grushin type operator associated to our operator P: 

that due to our previous results belongs to B(j£" m £ x C N ; &o,( x C w ) uniformly with respect to (£, A) £ T, x J. 
Lemma 4.5. For any values of (£, A) 6 T, x / £fte operator Q(£, A) acting as an unbounded linear operator in the 
Hilbert space &q c x C n is self-adjoint on the domain ^ m ,i x C N . 

Proof. We know that P is self-adjoint in J^o,£ with domain ^m,f and it is easy to see that P + (£)* = R—(£) so that 
we conclude that Q(£, A) is symmetric on J^ m .£ x C . 

Let us consider now a pair (v,v) G T>(Q(£, A)*); this means that u € ^o,( t V. £ C^ and there exists a pair 
(/> /) G ^o,c x C^ such that we have 

«^(;).(:))^-((:).(l)L,c- 

Considering the case a = 0we get that 

((P-A)*,*)^ = (u,/)^ - (R+(Ou,v) CN = {u,f-R-(£)v)r 0ti , Vue^. 

Taking into account the self-adjointncss of the operator P — A in J^b,£ on the domain ^ m £ we may deduce that in 
fact v belongs to & m ,i and thus {v,v) G £>(<3(£, A)). D 

Lemma 4.6. TTie operator Q(£, A) defined in (|4.15j) is bijective and has an inverse Q(£, A) -1 G B(J£"o,f xC^; ^ m ,£X 
C w ) uniformly with respect to (£, A) £ T, x J. 

Proof. Let us first prove the injectivity. Let us choose u G ^m,£ an d u G C w verifying the following equations: 

(P-X)u + R-iOli = 0, 

(4.16) 
R+^)u = 0. 

The second equality in (|4.16j) implies that u G Tc ■ As by definition we have that R-(^)u G 7$, the first equality 
in (|4.16p implies that (l — LT^) (P — A)u = 0, or equivalently that S(£, A)u = 0. Taking now into account Lemma 
4.41 it follows that u = 0. Now, the first equality in (J4.16I) implies that we also have R-(£,)u — 0; but the linear 
independence of the system of functions {i/>j(-,£)}i<j<N implies that the operator P-(£) is injective and thus we 
deduce that we also have u = 0. 

Let us consider now the surjectivity of the operator Q(£, A). Thus let us choose an arbitrary pair (v,v) G 
J^o.£ x l C N and let us search for a pair (u,u) G & m ,i x C^ such that the following equalities are true: 

(P- \)u + R-(£)u = v, 

(4.17) 
P + (0w = v. 
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N 

Let us denote by u\ := ^2 v_jipj(.,l;) so that by definition we have that 
j=i 

R+(Oui = v, Ui€=r m , e n7i, (4.18) 

Hlk„,, < CHwIlc*, V£gT*. (4.19) 

Thus we have to search now for a pair (u 2 ,u) G [^m,{ H 7^] X C N that should verify the equality: 

(P-A)« 2 + S-(Ott = v - (P-A)m G ^o,c- (4.20) 

In fact, as we have by definition that i? + (£)u 2 = 0, the relations (|4.18[) and (|4.20[) imply directly that u = u\ + u 2 
and u is the solution we looked for. 

Let us project the equation (|4.20p both on 7j and on its complement T^- to obtain 

S(Z,\)u 2 = (l-II^t;- (P-A)ui), (4.21) 

P_ (0« = n 5 (« - (P - A) («i + «a)) • (4.22) 

Taking into account Lemma l4~4"l it follows that equation (|4.21[) has a unique solution u 2 G ^m,{ n^ 1 and we have 
the estimation: 

INK, < c||(i-n s )( v -(p-A) Ul )||^ M < c(|MU 0i€ + ||«i|U mi€ ) <c(|MU 0i€ + Nc«) (4.23) 

for any (£, A) G T» x 7. 

It is very easy to see that equation (J4.22I) always has a unique solution u G C^ given explicitely by: 

Uj ■= («-(P-A)(tti + «2),^-(.,0)^ 0it - 

From this explicit expression we easily get the following estimation: 

NIc" < C(\\v\\* 0it + ||(P-A)(«i+tt a )||, o J < C(\\v\\* 0it + ||ui||^ mi< + ||u a || J F m , t ) < (4.24) 

< C(||t»||, 0i< + \\v\\ c »), V(£,A)eT d *x7. 

In conclusion we have proved the surjectivity of the operator Q(£, A) for any values of (£, A) £ T, x J and we 
finish by noticing that the inequalities (J4.19I) . (|4.23[) and (|4.24[) imply the boundedness of the operator Q(£, A) -1 
uniformly with respect to (£, A) € T, x /. □ 

We define now the following family of N functions: 

<t>j{x,Z) := e - l< «^>^(x,0, V(x,0 G S, 1 < j < N, (4.25) 



with the family {4'j}i<j<N defined in Lemma 14.31 

Lemma 4.7. The functions {<Pj}i<j<N defined in (|4.25p have the following properties: 

a) ft G C°°(S); 

b) ^(x + 7,e) = M*,t)> v (^) e S, V 7 e r ; 

c) cj )j (x^ + r) = e- t< -'*' x> cj )j (x,0, V^OGH, VfeP; 

dj For any a G N d and any s G K there exists a strictly positive constant C a , s such that: 

ll(^i)(-.0Hx:. ft ^ C ^s, V{eX*. (4.26) 

Proof. The properties (a), (b) and (c) follow easily from Lemma [4.31 and the definition (|4.25|) . In order to prove 
property (d) we consider (|9.23[) and write: 

\m^)U)\fi t < |4 E <e + 7*> 2s |(^.)(7*,0| 2 , (4-27) 



25 



where we have used the notation: 



(d?6)( 7 *,0 



\E\ 



P -t<7 >2/> 



{d^ 3 ){y^)dy. 



(4.28) 



We recall once again the identity 



e - l< ^-y> = < 7 *>- 2 ' (l-A y ) l e- i<n/ "' v> , V? € N, 

and taking into account the T-periodicity of the function (d? tfij) (y , £,) with respect to the variable y E A" we 
integrate by parts in (|4.28[) and deduce that Va G N d and V7 G N there exists a constant C^.; > such that we 

have the estimation: 



(9^.)( 7 *,0 



< C aA < 7* > 



-2/ 



j|f / b e"*<^> ((1 - A,)^) (y, dy 



, V£ g a*, v 7 * e r*. (4.29) 



Coming back to (|4.27[) . taking I > s/2 and using the estimation (|4.29[) and Plancherel identity we obtain the 
following estimation: 



ii(^)u)iiL ^ ^i^XKc 1 -^)^)^^ 



rfy < C* V£g£*. 



(4.30) 



In order to extend now to an arbitrary £ G A"* we notice that for any £ G A* there exist rj E E* and 7* G T* such 
that £ = 77 + 7* and using property (c) of the functions {(pi, ■ ■ ■ , </>./v} we see that 



|(9ffc)U)L 4 = ||(W)(.,r? + 7*)| 



^*->(9^)(.,r,) 



< 7) + 7/ + 7* > s e 



s p -*<7 ,■> 



(<^) (.,??) 



£ 2 (£) 



^D + rj^^^OUr?)! 



£ 2 (£) 



|| (0^) (.,77) H^ < C a , 

□ 
We denote by /Co := /Co.o = £ 2 (T) = L 2 (E) and for any f G A"* we define the linear operators: 

We /Co, £+(£)« :={(«,&) K \ , (4-31) 

(4.32) 



l<j<W 

We evidently have that 7? + (£) G B(/C ;C Ar ), #_(£) € B(C JV ;/C ) and (using (f4T2"B]l ) both are BC°° functions of 
£ € A"*. With these operators we can now define the following Grushin type operator: 



P&A) 



/>; A /l> ( ' J \ £ M(K m4 xC N ;K xC N ), V(£,A)gA*x7. 



Af(0 

Proposition 4.8. With the above notations, the following statements are true: 



(4.33) 



a) As a function of (£, A) G A* x 7, we We thatV E C°°(A* X J;l(/C m , X C n ;Kq X C^)) and for any a E N d 
and a^j/ jfe G N we /iawe i/iai (<9^<9£p) (£, A) € B(/C m , ? x C^/Co X C N ) uniformly in (£, A) G A* x 7. 

&,) If we considere V((,, A) as an unbounded operator in /Co X <C N with domain K m £ x C^ then for any (£, A) G 
A* x I, it is self-adjoint and unitarily equivalent with the operator Q(£, A). 



c) The operator V(£, A) has an inverse 
£o(£,A) := 



E° (£ A) E 0+ (£ A) ) G B (^-o x C ;K m £ x C ) 



(4.34) 



uniformly bounded with respect to (£, A) G A* x 7. 



dj As a function of (£, A) G A* x 7, we have that £ Q G C°°(A* x I; B(/C x C^; /C m , X C^)) and for any a E N d 
and any kEN we have that (dgd%P)(£,X) E B(/C X C N ;K mti x C N ) uniformly in (£, A) G A* x 7. 



2G 



Proof. Point (a) follows clearly from the smoothness of the maps R- (£) and R+ (£) (proved above) and the argu- 
ments in Exemple 19.211 

b) Let us define the operator: 

J7(0 == ( °£ J ) = ^ X C W -> ^ X C W (4.35) 

and let us notice that it is evidently unitary V(£, s) £ X* x R. Using Remark 19.231 we know that P^ — A = 
cr_ ? (P - A)er ? on /C m . ? . If we use the relations (|4.14[) . (J4.25I) and (|4.32|l we deduce that for any u G C N : 

N N 

In a similar way, using now (|4.13J> . (|4.25|l and (j4.31[) we obtain that \/u <E /Co we have that: 

Af(OM = {(^^(^))^J 1<J<Ar = {M^'^KoL^jv = AfK)u - 
We conclude that we have the following equality on /C m ,£ x C w : 

V{t A) - tf(0 _1 Q& WO, V(& A)erx 7. (4.36) 

c) follows easily from point (b). 

d) Let us notice that (a) and (c) imply easily that £ £ C°°(X* x /;B(/C x C w ;/C m . x C^)). The last property 
of £q can be proved by recurence, differentiating the equality VEq = 1 valid on /Co x C^. For example, if |a| + k = 1 
we can write that 

d?d k x £ = -£o(d£d k x V)8 

and thus we have the estimation 

\\ d f d ^°\\m(KaxC N ;K. m , e xC N ) - W £ °HB(X: xC«;/C m ,5 xC«) 1 1 ^'^A^' | | B(X : m £ X C«;/C xC«) H^Hb^oxC"^,,^ xC) i 

where the three factors of the right hand side are clearly uniformly bounded with respect to (£, A) £ X* x I. □ 

5 Construction of the effective Hamiltonian 

Let us recall our hypothesis (see Section^: {-Be}| e |< eo is a family of magnetic fields satisfying Hypothesis H.l, 
{A e }i e i< eo is an associated family of vector potentials and {pe}ie|< eo is a family of symbols satisfying Hypothesis 
H.2 - R6. 

As we have already noticed in Remark 19.61 the symbol at e = 0, po(x, y, rf) does not depend on the first variable 
x £ X] thus if we denote by Po(j/, ??) := Po(0,y,T)) and by r e (x,y,rj) := p e (x,y,rj) — Po(y,rj), we notice that the 
symbol po verifies the hypothesis of Section @] and thus po £ S^ 1 (T) being real and elliptic and can write 

Pc = po + r e , limr £ = 0, in S?{X x T). (5.1) 

We apply the constructions from Section |4] to the operator Po := Op(po). We obtain that for any compact interval 
Id, for any A € I and any £ £ X* one can construct the operators R±(£) as in (|4.31|) and (I4.32|) in order to use 
(|4.33[) and define the operator 

Po(£,A) := ( P ™~* R ~(0 \ e B(/C m , e x C N ;IC x C"), (5.2) 

that will verify all the properties listed in Proposition 14.81 In particular 

Po(-,A) £ S^(X;M(K m ^ x C N ;K x C")), (5.3) 

uniformly for A £ I. Moreover, it follows that Po(£, A) is invertible and its inverse denoted by £q(£, A) is given (as 
in (14341) 1 by 

£o(£,A) := ( fo ( ( |^ J° + ( (^l) ) e "(^ x C w ;/C„, ? x C w ) (5.4) 

and has the property that 

£o(-,A) e S$(X;M(KoxC N ;lC m<i : xC N ), (5.5) 
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uniformly for X £ I. 

Let us consider now the following operator: 

■Pe(x,S, A) := ( qe( J + ^ A ^ ) , A e I, e e [-e ,e ], (s.O G S (5.6) 

where we recall that q e (a;,£) := Op(p e (x, ., £, .)), p e (x,y,^,r]) := Pe(x,y,£ + rj). Taking into account the example 
19.211 from the Appendix we notice that q e £ S® [X ;B(/C m] f;/Co)) uniformly in e e [— eo,eo]; thus 

P e (z,<£,A) G S$(X;M(K mii x C^/Co x C w )), (5.7) 

uniformly with respect to (A, e) G I x [— eo, eo]- 

Lemma 5.1. The operator V e ,x := Op A *(P e (.,.,\)) belongs to B(/C™(A' 2 ) x L 2 {X; C N );JC{X 2 ) x L?(X;C N )) 
uniformly with respect to (A, e) G / X [— £o- e o]- Moreover, considering V e ,x as an unbounded linear operator in the 
Hilbert space K,(X 2 ) x L 2 (X;C N ) it defines a self-adjoint operator on the domain IC™(X 2 ) x L 2 (X;C N ). 

Proof. If we denote by 9^ T:C := Dp ' (i? T (£)) we can write 

"- - ( p c v ) ■ <-> 

Taking into account Lemma [3.131 we may conclude that P £ € B(/C™(^f 2 );^(' ; t' 2 )) uniformly with respect to e e 
[-e , e ]. Noticing that i?_(0 = #+(£)* and belongs to S^^BfC^/Co)), Proposition I9T2T1 implies that 

<n_ e = <n; ie g b(l 2 (x-,c n );1C(x 2 )) 

uniformly with respect to e £ [— eo,eo]. This gives us the first part of the statement of the Lemma. The self- 
adjointness follows from the self-adjointness of P e in JC(X 2 ) on the domain JC^^X 2 ) and this follows from Proposition 
I3T41 D 



Lemma 5.2. The operator £ ,e,A := &P e (£o(-, A)) belons to B(K.(X 2 ) x L 2 (X; C n ); 1C™{X 2 ) x L^ATjC^)) 
formly with respect to (A, e) £ I x [— eo,eo]- 

Proof. We can write 



WTO- 



£o,e,A — I , 

with 



£o,e,x ■■ - ( P o £ ' A et o + ' e ' A ) , (5.9) 



< A := Qp A <(E°(.,\)), £° ±i£iA := D^(^(.,A)), <£°_ + , c , A := Qp A <(E°_ + (., A)). 

From dSS]) it follows that £ (-,A) G ^(A'jB^o X C^j/Co x C w )) uniformly with respect to (A,e) G I x [-e ,e ]. 
In order to prove the boundedness result in the Lemma it is enough to show that 

( Q o" 1 ) £ °> e ' x G B ( /C ( A ' 2 ) x ^(^C^);^^ 2 ) x L 2 {X;C N )), (5.10) 

uniformly with respect to (A, e) £ I x [— eo,eo]; here Q m . e is defined before Definition 12.41 with some suitable 
identifications. In that Definition we also argued that the operator Q m ,e corresponds to the operator Q m ,e from 
Remark 19.261 transformed by doubling the variables starting from the operator valued symbol c\ m ^. We may thus 
conclude that Q m ,e is obtained by the Dp e quantization of a symbol from S® (A";B(/C ; £m,e))- Taking into 
account that E°(£,X) £ 5g(^;B(/C ;/C m , e )) and £+(£,A) G So ^;!^;^)), the property (I5TD11 follows from 
the Composition Theorem \9 .241 a) and from the Proposition 19.271 D 

Theorem 5.3. for a sufficiently small eo > we have that for any (A, e) G / X [— eo, eo] t/ie operator V e ,x from 
Lemma \5.1\ has an inverse denoted by 



£e,X := ( g_ ( ^ g_ + + ( ( e ;^ } ) G B(/C(^)xL 2 (^C N );/Cr(^)xL 2 (^;C N )), (5.11) 

uniformly with respect to (e, A) G [— £o, e o] x ^- Moreover we have that 

£e,x = £o,e,A + ^e,A, ^e,A = Dp A «(p £ , A ), limp 6 , A = zn S °(,Y;B(/Co x C^; £ m , £ X C")). 

in particular we have that 

<£_+(e,A) = jOp^ (£?-+), Hm J B-+= J E° + (,A)mS' (A';B(C JV ;C Ar )) ] (5.12) 

uniformly with respect to X £ I . 
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Proof. We begin the proof with the following remarks. 

1. The symbol £°(£, A) appearing in (|5.4[) does not depend oni€^ and on e e [— eo, eo]. We can thus consider 
that £°(Z, A) £ Sg j6 (AT; B(/C X C w ; £ m , £ x C w )) uniformly for A 6 I. 

2. The symbol PoC^, A) appearing in (|5.2[) does not depend on x € X and on e G [— eo, eo]- We can thus consider 
that V (t, A) £ S° e (X; B(£ m , 5 x C^; K x C w )) uniformly for A G 7. 

3. From the relations (|5.1[) . (|5.2|) and (I5.6[) it follows that 

P e (s,£,A)-P &A) = ( q ^'° ° 

where q £ (x,£) := £>p(r e (x, .£, .)) and r e (x,y,^ 7 r]) :— r e (x, y,£ + 77). The fact that limr e = in S™[X x T) and 

that the map S™(X x T) 3 r £ t-» q^ g 5o(A';B(/C m ^;/Co)) is continuous (by an evident generalization of property 
(|9.32[) ), we conclude that 

]mi[V t (x,Z,\)-Vo&X)]=0 (5.13) 

in Sg (AT; !(£,„,£ x C n ',Kq x C N )) uniformly with respect to A € 7. 

Let us come back to the proof of the Theorem and denote by V® x := Dp ' (Vq(£, A)). We can write that 

T e ,x£ ., e .X = K* £ 0,e,\ + (*Pe,\--pix)£o,e,X (5.14) 

mM(IC(X 2 ) xL 2 {X :C N )-JC{X 2 ) x L 2 {X; C N )). 

Using the Composition Theorem 19. 241 and the above remarks, we conclude that 

■P € ,x£ ,e,x = l + Dp A '(s eA ) (5.15) 

mM(IC(X 2 ) xL 2 (X :C N );K(X 2 ) x L 2 {X; C N )), where 

lims e , A = 0, (5.16) 

e— >0 

in Sg(Af;B(/C x C^j/Co x C w )) uniformly with respect to A £ 7. 

It follows from Proposition 19.281 that for eo > small enough, the operator 1 + Op °(s t .x) is invertible in 
M(JC{X 2 ) x L 2 (X;C N );K,(X 2 ) x L 2 (X;C N )) for any (e, A) £ [-e ,e ] x 7 and it exists a symbol t £ , A such that 

lim£ eA = 0, (5.17) 

in S$(X;M(JC X C^j/Co X C w )) uniformly with respect to A £ I and 

[l + Dp^( Se , A )] _1 = l + Dp- 4 '^). (5.18) 

Let us dehne 

and let us notice that it is a right inverse for V t> x- As the operator V tt x is self-adjoint, it follows that £ 6t x defined 
above is also a left inverse for it. 

The other properties in the statement of the Theorem are evident now. □ 

Remark 5.4. The operator £ [_(e, A) defined in (|5.12j) will be the effective Hamiltonian associated to the Hamil- 

tonian P e and the interval 7. Its importance will partially be explained in the following Corollary. 

Corollary 5.5. Under the assumptions of Theorem \5.3l for any A € 7 and any e £ [— eo,eo] the following 

equivalence is true: 

A £ a(?e) <^ € cr(£-+(e,A)). (5.19) 



Proof. The equality 



^L 2 (X;C N ) 



is equivalent with the following system of equations: 



(P e -A)(£(e,A) +^_, £ 2;_(e,A) = 1^ 2) , 

(P e - A) £ + (e, A) + 9*_, e <£_+ (e, A) - 0, ,. „ m 

* + ,,<£(e,A) = 0, (5 - 20) 

^+,e^+{£, A) = lf^^C^)- 
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If ^ <t(<£ ^(e, A)) the second equality in (|5.20p implies that 

<K_, £ = -(P e -A)g+(e,A)£_ + (e,A)- 1 

and by substituting this value in the first equality in (J5.20I) we obtain 

(P £ -A)[C;(e,A)-2: + (e ! A)£_ + (e,A)- 1 (£_(e,A)] = l K{x , y 

It follows that A $ a(P e ). 

Suppose now that A ^ c(-P e ); then the second equality in (|5.20[) implies that 

<£+(e,A) = -(P e -A) _1 ^_, e g_ + (e,A). 
After substituting this last expression in the last equality in ()5.20j) we get 

-^ + , e (P £ -A) _1 5H_, e (£_ + (e,A) = I lhx ,cn). 

It follows that ^ a(<£ |_(e, A)) and we obtain the following identity (valid in this case): 

<£-+(£, A)- 1 = -« +j e(P e -A) _1 «_ ie . 
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We recall that for any 7* e T* we denote by c 7 * the operator of multiplication with the character e l<7 ' -> on 
^'(A^C^) and we define now T 7 * as the operator of multiplication with the function er 7 » <£> ct_ 7 « on the space 
^'(X 2 ). We shall need further the following commutation property. 
Lemma 5.6. For any 7* G T* the following equality is true V(e, A) € [— eo, eo] x /: 

( y :. ) »« - ^ ( v 1 ) <-) 

as operators on 5^{X x T) x J?(X;C ) (identifying the test functions on the torus with the associated periodic 
distributions). 

Proof. From equality (|3.21|) we deduce that for any 7* £ T* we have the following equality on 5?(X x T): 

T 7 . P e = P £ T 7 .. (5.22) 

Taking now into account Lemma H771 and the definitions (|4.3ip and (|4.32|) we obtain that 

R+(t + 1*) = R+(t)a r , R-($ + 7*) = *- 7 *-M0> V?er,Vfer. (5.23) 

Repeating the computations done in Exemple 19.41 we obtain for any u £ y(X;C N ): 

(m_, e a r u)(x,y) = / e l< ^ x - z> u A '{x,z) [i?_(CK <7 *' z> u(^)] (y)dz d~( = 

= e l< ~<*' x> J e i<c -i , *' B -* > w A '(x,«) [.R_(C)«(z)] (y)ttedC = 
= e<«-..>/ se «.-.>„.. (l , z)[J! _ (c + 7 . )aW]w ^. 

= e l< ^> x> /" e !<Cl ~ 2> ^'(i,z) [c7_ 7 .i?_(C)w(^)] (y)dzcfC = (T 7 «<K_, e u)(2;,y), 

concluding that on .y(X;C N ) we have the equality 

«H_ :e cr 7 - = T 7 .1H_, £ . (5.24) 

In a similar way we obtain that on S^{X x T) we have the equality: 

« +:£ T 7 . = ct 7 . 5K+, e . (5.25) 
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Remark 5.7. Of course the inverse of the operator "P Cj a verifies a commutation equation similar to (15. 21)) : 



Y 4J^ = ^( T o* 4. )• ? r 



on S*(X x T) x y(X; C N ) and for any (e, A) <E [-e 0) e ] x I. 
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6 The auxiliary Hilbert spaces Q?o and £o 

The procedure we use after [TJj for coming back from the operator P e to the basic Hamiltonian P c supposes to 
consider the extension of the pseudodifferential operator P e to the tempered distributions and a restriction of this 
one to some Hilbert spaces of distributions that we introduce and study in this section. 

Definition 6.1. Let us consider the following complex space (denoting by 8 1 :— r 7 (5 with 5 the Dirac distribution 
of mass 1 supported in {0} and 7 £ T): 

9J := J we ,9"{X) I 3/ £ l 2 (T) such that w = ^/ 7 <5— 

endowed with the quadratic norm: 



V7er 

It is evident that QJo is a Hilbert space and is canonically unitarily equivalent with l 2 (T). 

The Hilbert space Q3o has a 'good comparaison property' with respect to the scale of magnetic Sobolev spaces 
introduced in |19j . In order to study this relation let us choose a family of vector potentials {A e }i e i< eo having 
components of class C^(X) and defining the magnetic fields {-B e }| e |< Co satisfying Hypothesis H.l. 
Lemma 6.2. For any s > d and for any e £ [— eo, eo] we have the algebraic and topologic inclusion QJo *-> 'H^ S (A'), 
uniformly with respect to e £ [— eo,eo]. 

Proof. We use the operator Q se from Remark T9. 261 Let u = Yl fj^-j e ^o- Then we have (in S^"{X)): 

7Gr 

9 ■= Q-s,eU = y^/ 7 Q-s,£<5- 7 - 

7 er 

A computation made in J7"(X) shows that (for s > d) we have that Q_ se <5_ 7 belongs in fact to C(X) (as Fourier 
transform of an integrable function) and moreover: 

(Q_ s , £ <5_ 7 )(x) = (27T)-" J^ x -y>uj Ac (x 1 y)q^4^- 1 v)S^(y)dydr ! = 

= (2tt)-" f e «'».-Hr>a; jt .( a:j - 7 )g_. ie (^I > 7;)d» 7 . 

From this last formula we may deduce that for any N £ N there exists a strictly positive constant Cat > such 
that for any e £ [—eo, eo] and for any x £ X we have the estimation: 

|(Q_ s>e £_ 7 )(x)| < Cjv < a; + 7 >~ W • 
Choosing N > d we notice that for any x £ X: 

f \ 1/2 / x 1/2 

|fl(»)| < C^|/ 7 |< I + 7 >- W < C N hr|/ 7 | 2 <x + 7>- N E<x + 7 >- jV 

7 er \7er / \7er 

We may conclude that g £ L 2 (X) and ||<?||l 2 (A') < Cjv||w|||j . Finally this is equivalent with the fact that Q s ,e9 G 
W.a s (X) and there exists a strictly positive constant C such that 

IMI«2"(*) - ^II^H^o) VueQJo, Vee [-e ,eo]- 

D 

We shall need a property characterizing the elements from 2Jo (replacing the property proposed in [14] that 
is not easy to generalise to our situation and moreover its proof given in [14] and [13] has some gaps that make 
necessary some modifications in the arguments!). 

Lemma 6.3. For any s > d there exists a strictly positive constant C s > such that the following inequality is 
true 1 

5>(7)| a < C s \\u\\ 2 H s aJX) , VuG-S^tf), Vee[-eo,e ]. (6.1) 

7 er 
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Proof. For any fixed u £ 5^{X) let us denote by v :— Q s ,eU £ 5^(X). Then u = Q- S , e v and thus for any N £ N 
and for any x £ X we can write that: 



«(») = e l< ^ x - y> <x-y>- 2N io At (x,y) 






v(y)dy dfj. 



This equality implies that we can find two strictly positive constants C and C such that for any e £ [— eo, eo] and 
for any x € X one has the estimation: 

\u(x)\ < C ( <x-y>- 2N \v(y)\dy, 
Jx 

-2N m. \ I I ^„ „. ^ -IN i„./„.\|2 j„ , \ s- nl I ^ „. „. ^-2N 



\u(x)\ 2 < C 2 U^<x-y>- 2N dy\[J x <x-y>- IN \v(y)\ 2 dy\ < C j ^< x - y >~ 2N \v{y)\ 2 dy. 
We choose now AT e N large enough and notice that 

£K7)| 2 < C f (^<7-2/>- 2A ')K^| 2 d2/ < C"\\v\\ 2 L2(x) < C a \\u\\w A (xy 
7 er Jx \ 7 er / 
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For any 7* £ V* we use the notation c 7 * also for the operator of multiplication with the character e l<1 ' -> on 
the space of tempered distributions (that it evidently leaves invariant). 
Proposition 6.4. We have the following charaterization of the vectors from QJq.' 

a) Given any vector u £ 2Jo there exists a vector uq £ 7-L°£ (X) such that 

u = 2_, c 7 *uo- (6-2) 

7*er* 

Moreover the map QJo 3 u *— > u a £ "W£ (X) is continuous uniformly with respect to e £ [— eoi £ o]- 

b) Given any uq £ Ti°? (X) the series J] cr 7 *uo converges in J?"{X) and its sum denoted by u belongs in fact 

7*er* 
to 2Jq. Moreover the map Ti°? (X s ) 3 uq *-¥ u £ 23o is continuous uniformly with respect to e £ [— eo,eo]- 

Proof. We shall use the notation u 7 * := er 7 *uo, for any 7* £ T* and for any tempered distribution uq £ ,9"(X). 

a) Lemma 16.21 implies that for any s > d and any e £ [— eo,eo] we have that 2Jo C T~i A s (X) and there exists a 
strictly positive constant C s > 0, independent of e, such that 

\\ u \\h- a s {x) ^ Ca||«||aj ! Ve6 [-e ,eo], Vwe9?o- (6.3) 

Let us choose a real function \ € C yD (X*) such that J2 T -yX = 1 on %* ■ For an y distribution u £ QJo we 

7*er* 
define 

u := Qp A '(x)u. 

Due to the fact that x £ S7°°(X) it follows by the properties of magnetic Sobolev spaces (see [19]) that uq £ H^ (X) 
and the map 2?o 3 u 1-4 uq £ H°? (X) is continuous uniformly with respect to e £ [—eo, eo]. 

We shall prove now that for any s > d the series J2 u i' 1S convergent in H^ S (X) to an element v £ H^ S (X) 

7 » e r* 
and that there exists a constant C > such that 

\H n - :(x) < C\\u Q \\u le (x) (6.4) 

uniformly with respect to e £ [— eo, eo]. 
We denote by 

g 7 * := Q_ s , e <7 7 »uo = <r 7 »£)p e ((idl® T_ 7 «)g_ s , e )u 

where we have used (|9.4j) for the last equality. We notice that the family {< 7* > s (id <E) r_ 7 »)gf_ S]C }, , <£ is 
bounded as subset of Sf(E) and thus there exists a constant C > such that 

\M\lhx) < C*< 7 * >~ s \\uo\\ H . A j X ), VeG [-eo,e ], V7*eT*. 
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We conclude that it exists an element g € L 2 (X) such that J2 9i* = 9 m ^ 2 (^) an d we have the estimation 

7 *er* 

ll3lli 2 (A') < C'II u o||-h s (*) f° r an y e € [ — eo i eo]- Due to the properties of the magnetic pseudodifferential calculus 

(see [12]) it follows that the series Yl u i* converges in H A S (X) to an element v £ / H~ A S {X) and (J6.4I) is true. 

7 *er* 
We still have to show that v = u as tempered distributions. Let us fix a test function cp £ S^{X) and compute: 

<v,(p>= ^2 <u r ,ip>= ^2 <cr 7 .u ,^>= ^ \ a -t*£ > P A " i (x)u, 



,9 

= Yl ( D P Ae ( r -i*X)vi*u,(p} = J2 ( u >8p A '( T -r*x)v) 

7 *er* ' 7 *er* 

where we have used the relation er 7 *u = u verified by all the elements from Q?o- Let us also notice that for any 
s > d we have that 

E T -i'X = 1 in Si (3) 
7*er* 

so that we can write that 

<p = ^ Dp A «(r_ rX V, mS>(X). 
7 *er* 

We conclude that <v,<p >=< u,<p > for any <p £ S"(X) and thus v = u. 

b) During the proof of point (a) we have shown that for any s > d there exists a constant C s > such that for 

any uq £ H A (X) and for any e £ [— eo,eo] the series J^ u 7 * converges in HT A S {X) to an element u € "H^ B (X) 

7*er* 
and the following estimation is true: 

IMI W £(*) < C.||«olhi.(*)> VuoGW^W. VeG[-eo,eo]. (6.5) 

Let us recall the Poisson formula: 

E °t = w £*-" in yl{x) - (6 - 6) 

7*er* ' ' 7 er 

Let us first suppose that uq £ y(X). Multiplying in the equality (j6.6[) with uq we obtain the following equality: 

u = w^ Uo(_7) ^' in ^'W- ( 6 - 7 ) 

1 ' 7 er 

Lemma 16.31 implies that u £ Q?o and for any s > d we have the estimation: 

Hulk < C s \\u \\ n ^ (x) , Vu £y(X), Vee[-e ,e ]. (6.8) 

We come now to the general case uq £ H A (X). Let us fix some e £ [— eo, £o] and some s > d. Using the fact 
that S?(X ) is dense in W A (X) we can choose a sequence {"UoJ/ceN* C S*{X) such that uq — lim w§ in "H A (X). 

k/*oo 

For each element m§ we can associate, as we proved above, an element u k £ QJo such that the following inequalities 
hold: 

||u*lk, < C s \\u k \\n* Ae (x), Vk£N*, 

||tt*-«'||ar, < C s \\u k -u l \\ n s Ajx)l V(M)e[Nf. 

It follows that there exists v <E Q3o such that v = lim u k in 5Jq and the following estimation is valid: 

k/*oo 

Nko < G,||uo|| WiiW . (6.9) 

We still have to prove that the element v £ Q3o obtained above is exactly the limit u — ^2 u-y. But we know 

7*er* 

that u k — J2 ct 7 *Uq so that from (|6.5[) we deduce that we have the estimations: 

7 *er* 

ll«*-«llwr(*) - c *\\ u o - u o\\w A (X) -f o. 



In conclusion u — > u in H^^X) and w — > » in %Jn. But Lemma l6.2l implies that QJn is continuously embedded 
in H A S (X) and we conclude that v = u. □ 
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Lemma 6.5. Let us consider the map if) defined in (12. ip . For any vector v £ L 2 {X) the series 

w v := y"^*(i> ® <5_ 7 ) 

converges in 5*"(X 2 ) and satisfies the identity (id <E> T a )w v — w v , Va £ I\ 

Proof. Let us denote by w-y the general term of the series defining w v ; then for any ip £ y(X 2 ) we have that 

(iVy,<p) = (if>* (v ® 5-y) , <p) — (v® 8-y,ip*(ip)) = / w(x)< / o(a;, x + 7) dx. 

Jx 

But using the definition of test functions it follows that for any N £ N there exists a defining semi- norm u^{}p) on 
y{X 2 ) such that 

\tp{x,x + "f)\ < v N (ip) <x>- N <~f>- N , \tx£X, v 7 er. 

We deduce that for any N £ N there exists a defining semi- norm hn(<p) on .y(X 2 ) such that: 

IK,^)| < Miv(<p)||v|| i2W <7>- JV , V^e^(A" 2 ). 

It follows that the series ^2 w -y converges in 5*"(X 2 ) and its sum w £ y'{X 2 ) satisfies the inequality 

7er 

\(w,<p)\ < p(<p)\\v\\ L 2 (X) , y V £,y{x 2 ), (6.10) 

for some defining semi-norm p(ip) on S^(X 2 ). 

Finally let us notice that for any a £ T we can write that 

(idl®T Q )u; 7 = ip*[v (g) <5-( 7+Q )) = u' 7 + Q 

and thus (idl ® T a )w v = w v . D 

Definition 6.6. Let us consider the map ip defined in (|2.1[) . We define the following complex space: 



£0 := < w£.y'{X 2 ) I 3v£ L 2 (X) such that w = ^i/>*(v <g> £_ 7 

7er 

endowed with the quadratic norm ||w||£ := H^H z, 2 (A^)- 

Lemma 6.7. The complex space £,q is a Hilbert space and is embedded continuously into Sf"(X 2 ). 

Proof. The space £0 is evidently a Hilbert space canonically unitarily equivalent with L 2 (X) and the continuity of 
the embedding into y\X 2 ) follows easily from (|6.10[) . □ 

Lemma 6.8. For any s > d and any e £ [— eo,eo] we have a continuous embedding £0 =-> T~L^ S (X) ® L 2 (T) 
uniformly with respect to e £ [— eo,eo]. 

Proof. Let us fix some s > d and some vector v £ L 2 (X) and define 

u := ^T/>*(w<g><5_ 7 ) £ £ , 

7er 

Q'_ se := Q_, |e ®id, 57 := (Q'_ fl , e o ip*)(v ® <J_ 7 ). 

A straightforward computation in y'(X 2 ) shows that we have the equality: 

gi (x,y) = v(y - 7) J e i <">*-*+r>WA m {x,v- 7) g-.,, ^ + \ " 7 ,r?) dr,. 

By estimating the integral in the right hand side above we obtain that for any sufficiently large N £ N there exists 
Cm > such that 

\9-y(x,y)\ < C N \v(y~ 1 )\<x-y + 1 >- N 1 V(x, y) £ X 2 , V 7 £ T. 
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We conclude that for some suitable constants C' N , C%, ... we get 



^2\9-r(x,y)\ 

7er 



< C% ij2\v(y-7)\ 2 <x-y + l>- N \ ^<x-y + 7 >- jV ] 
\7er / \ T er 

7er 



and the integral of the last expression over X x E is bounded by Ctv II ^ II i 2 (^f) - 

If we denote by g :— J2 9-y — Q'-s t u i we notice that (id ® r a )g = g for any aeT (because by Lemma RT5l the 
7er 
vector u has this property). Thus 

geL 2 (X)®L 2 (T), \\g\\ L >W9i.*(X) ^ ^C"\M&W- 

It follows that 

M = Q' v9 €^)®£ 2 (T), h\\ n -. ix) ^ m < C%\\v\\ L 2 {x) , Vee[-eo,eoiVv£L 2 (X). 

D 



We shall obtain a characterization of the space £o that is similar to our Proposition 16.41 In order to do that 
we need some technical results contained in the next Lemma. We shall use the notation: 

W%(X)®L 2 {Y) := n (H' A (X) <g> L 2 {T)) 

with the natural projective limit topology. 

Lemma 6.9. Suppose given some uq € W^ (X) £g) L 2 (T) and for any 7* G T* let us denote by u 7 * := Y 7 »uo. For 

any s > d there exists C s > such that the series ^2 u -y* converges in T-L^ S (X) £g) L 2 (T) and the sum denoted by 

7 *er* 

v G 'H^ S (X) (g) L 2 {T) satisfies the estimation: 

IMIh-(*)^(t) < C s \\u \\ Hlc{x) ® L 2 {T) , Vu Q £U%(X)®L 2 (T),Ve£[-eo,eo]. (6.11) 

Proof. From (|9.4[) it follows that on ,5?(X) we have the equality 

Q_ s>e oy = cr 7 .Dp A£ ((idl(g)T_ 7 «)q_ ; ,., £ ) 

so that finally 

(Q_ s , £ (g)idl)u 7 . = T 7 . [Dp At ((id<g)r_ 7 »)q- S: e)«)idl]uo- (6.12) 

Taking into account that the family {< 7* > s (id <E) T_ 7 *)q_ SiC }, *\ e r_ e £ i xr , is a bounded subset of S' S (S), it 
follows the existence of a constant C > such that for any e G [— eo, eo] one has the estimation: 

\\(Q_ s , e ®id)u r \\ L2(x)S)L2m < C < J* >~ s \\u \\n^(x)®L* m , Vu enZ(X)®L 2 (T). (6.13) 

it follows that the series ^2 (Q-s,e ® idl)w 7 * converges in L 2 (X) ® L 2 (T) uniformly for e G [— e , eo]- The stated 

7*er* 

inequality follows now by summing up the estimation (|6.13[) over all T* . □ 

Proposition 6.10. For any u G £0 there exists a vector uq G H' a (X) ® L 2 (T) such that 

u = J2 T 7* u o, m,9"{X 2 ). (6.14) 

7*er* 

Moreover, the application £0 3 u 1— >• uo G "H^f (^) <8> £ 2 (T) is continuous uniformly with respect to e G [— eo: eo]- 

Proof. We recall the notation u 7 * := T*u and, as in the proof of point (a) of Proposition 16.41 we fix some real 
function \ G C§°(X) satisfying the following identity on X: 

£ T 7*X = i- 
7*er* 
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For any u £ £o let us denote by u$ :— (Dp °(x) ® id)u. We notice that x € Sj -00 ^) and using Lemma IrXBl we 
deduce that uq £ H^ (X) <8> £ 2 (T) and that the continuity property in the end of the Proposition is clearly true. 
We still have to verify the equality (|6.14j) . 

1. First let us notice that following Lemma 1631 the series Yl U T converges in y'(X 2 ). 

7 *er* 

2. An argument similar to that in the proof of Proposition 16.41 a) proves that on y(X 2 ) we have the equality 

Y^ Sp A '(T-rX) ®idl = idl- (6-15) 

7 * e r* 

3. From (|Q|) we have that Dp Ae (r_ 7 *x) = o-- 7 *Op A '(x)(Tj*. 

4. For any u £ £o there exists v £ L 2 (X) such that u — ^2 i/>* (v ® <5- 7 ) ; thus for any 7* G T* we have that: 

7 er 

T 7 ,u = ^T 7 ,-0*(w<8)<5_ 7 ) = 5^V*((id®o-7*)(«®*-7)) = X!^* («®*-r) = M - 
7er 7er 7er 

Using the last two remarks above we deduce that for any u £ £0 we have the equalities: 

[Dp A£ (r_ 7 «x) <S)id]u = [(cr_ 7 »Dp A,! (x)cr 7 .) <E) id] (cr_ 7 « <g> oy)u = 

= T_ 7 .(Dp At (x)«)idl)u = T_ 7 .u = u_ 7 «. 
We apply now equality (|6.15[) to the vector u £ £,q in order to obtain that: 

7*er* 7*er* 

as tempered distributions. □ 

In order to prove the reciprocal statement of ProDOsition [6~TUl we need a technical Lemma similar to Lemme trOl 
Lemma 6.11. For any s > d there exists C s > such that the following estimation holds: 



x 



\u(x,x)\ 2 dx < C a \\u\\ u . A ( at)®£»(t), Vu G &(X x T), Ve G [-e , eo] . (6.16) 



Proof. Let us fix some u £ S?{X x T), e G [— eo, eo] an d let us define v :— {Q s ,e ® id)u G S?{X x T). It follows that 
u = (Q- S ,e €5 idl)?; and we deduce that for any N £ N (that we shall choose sufficiently large) we have the identity: 



u(x,y) - J <x-z>- 2N e><^-* >c At (x, z)[((id - A ( ) N q^ e )(^,C) 



,x + z 



v(z,y)dzd~(, V{x,y) £ X . 
We deduce that there exist the strictly positive constants Cjv, C' N , . . . such that the following estimations hold: 



\u(x,y)\ < C N <x-z>- 2N \v(z,y)\dz, \u(x,y)\ 2 < C' N < x - z >~ 2N \v(z,y)\ 2 dz. 

J x J x 

In conclusion we have that: 

/ \u(x,x)\ 2 dx = y, I \u(x,x)\ 2 dx — 2, I \ u ( x + 7> x + l^dx = \. \ \u(x + j , x)\ 2 dx < 

Jx 7 gr T -i £ 7er E 7£r E 

- C 'nJ2 f f <x-z + l>~ 2N \v{z,x)\ 2 dzdx < C^J2 I f <z~l>~ 2N \v(z,x)\ 2 dzdx < 



i£T Jejx 1&t JeJx 



< C% / \v(z,x)\*dzdx = C%\\v\\U (XxT) < ^||«||^ W8ia(T) . 

•/ E J PC 



□ 



We come now to the reciprocal statement of Proposition ^. 101 
Proposition 6.12. Suppose given uq £ H A (X) <g> L 2 (T) and for any 7* G T* let us consider u 7 * := T 7 »uo- Then 

the series ^ u 7 » converges in y{X 2 ) to an element u £ S,q. Moreover, the application TL^ (X) (g> L 2 (Y) 9 uq k> 

7*er* 
u £ £0 * s continuous uniformly with respect to e G [— eo,eo]. 
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Proof. For any s > d and any uq 6 H.^ (X) eg) L 2 (T), Lemma [6.91 implies that the series Yl u 7* converges in 

7*er* 

r H~^ s {X) (g) L 2 (T) to an element u £ H^ S (X) ® L 2 (T) and there exists C s > such that the following estimation 
holds: 

\\ u \\-HaI{X)®l*{t) ^ C s ||uo||«i e (A')g)L2 (T) , Vu e7^4 e (;t)<g>Z, 2 (T), Vee [-e ,e ]. (6.17) 

We still have to prove that u £ £q and that the continuity property stated above is true. As in the proof of 
Proposition l6.4l b') we make use of the Poisson formula (|6.6[) . Once we notice that - 0*(id<X><7 7 *) = T 7 », we conclude 
that for any uq £ ,S^(X 2 ) one has the identity: 



I>- - {2 ' )d 



E* 



J^*(idl®(5_ 7 ) 
7 er 



«o. (6.18) 



But we notice that Y i/>*(id ® <5_ 7 ) belongs to J?"(X x T) and we deduce that the identity (|6.18[) also holds for 

7 er 

Mo £ 5?{X x T). In this case, ip* (id <8>#- 7 ) ■ uo also belongs to y'(X 2 ) and for any ip £ ,5^{X 2 ) we can write that: 

(ip* (id <g> #_ 7 ) • Uo , (p) — (ip*(id<g)5-y) , Uoy>) = (id® <5_ 7 , ip* (u (p)) = / <yj(a:, x + 7)^0(2;, a;) da;. 

Let us denote by Vq(x) := uo(x,a?) so that we obtain a test function vq £ S^(X) and an equality: 

i/>*(id<g)<L 7 ) -uo = V>*(v <g>£_ 7 ). (6-19) 

Let us further denote by u := ({2ir) d /\E*\) v Q £ 5?(X) C L 2 (X). If we insert f^TO|l into (|6~T51) we obtain: 

U := Yl u -y' = $3^* (« ® <*-<y) G £ °' ( 6 ' 2 °) 

7*er* 7 er 

Let us verify now the continuity property. Suppose given u £ H™ (X) <x> L 2 (T) and suppose given a sequence 
{wo,fc}fceN* C y(X x T) and some s > d such that u = lim u ,fc m ^^ (^) ® L 2 (T). Let us also introduce the 

k/*oo 

notations: 

«fc(ar) := -——u Q:k (x,x), Va; € A"; u k ■- ^ip* (v k <g> <5_ 7 ) € £ - 

' ' 7 er 

From Lemma l6.11l we deduce that there exists a strictly positive constant C a such that for any e £ [— eo, £o] and 
for any pair of indices (fc, Z) € [N*] 2 the following estimations hold: 

\\uk - ui\\z := \\vk - vi\\ L t( X ) < C s \\u ,k - u ,i\\u* Ac (X)®L2(T), (6-21) 

\\Uk\\s, < C , s ||u ,/c||« ie (A')(»L 2 (T)- (6-22) 

From (|6.21|) we deduce that there exists v £ L 2 (X) limit of the sequence {i>fc}fceN* in L 2 (X) and moreover, using 
also (|6.22p . that it satisfies the estimation: 

\\v\\l*(x) < C s \\uo\\u° Ae (X)®L2(T), Vee[-eo,e ]. (6.23) 

Let us denote by u :— J2 V'* ( v ® ^-7) e A)- From (16.23[) we deduce that 

7er 

INUo < C s ||-uo||«^(A')(»L2 (T) , Vee[-e ,e ]. (6.24) 

In order to end the proof we have to show that u = u := J2 u 7 » in H^ s {X) <8> L 2 (T) . From f|6.20|) we know that 

7 *er» 

Ufe := Yl T 7 *uo,fe- If we use now the inequality (|6.17|) with uq replaced by uo.fe — woj we obtain the estimation: 

7 *er* 

\\u k - -U I|-H-»(A')(»L 2 (T) ^ C s ||u 0: fc - Wo||«^ e (Ar)®i,2(T)< 

From this we deduce that u = lim u k in 'H^ S (A') (X) L 2 (T). But from (|6.2ip we deduce that u = lim u k in £0 and 
thus, due to Lemma l6~8l also in H^ S (X) <£> L 2 (T). In conclusion u — u and the proof is finished. □ 
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Proceeding as in Lemma l6.5l we can show that the following definition is meaningful, the series appearing in the 
definition of the space £ s (e) being convergent as tempered distribution, and the space with the associated norm 
being a Hilbert space canonically isomorphic with H A (X) and continuously embedded into ,5*"(X 2 ). 
Definition 6.13. For any s£l and any e E [— eo, eo], we define the following subspace of tempered distributions: 

fl s (e) := \ wey"(X 2 ) | 3v&H s Ac (X), w = w v = J2^*( v ® 6 -r) 
{ 7er 

endowed with the quadratic norm: 

IKIU s (c) := \\v\\ n s A j x) . (6.25) 

Remark 6.14. For any w E £ s (e) we have the identity: (id ® r a )w — w,Va E T. 
Lemma 6.15. We recall the notation Q s ,e introduced in Definition\2.4\ b). 



1. We have the equality: 

£ s (e) = { w e y'{X 2 ) | Q s , t w G £ } • (6.26) 

2. On £ s (e) the definition norm is equivalent with the following norm: 

IMIfi.(e) : = Qs,eW . (6.27) 

~o 

3. If s > 0, then £«(e) is continuously embedded into £o, uniformly with respect to e E [— eo,eo]. 

Proof. 1. For any w E £ s (e), there exists a vector v E T-L S A (X) such that w = w v = ^2 '0* \ v ® ^-7) ■ But, we know 

7er 

that by definition we have that Q S!e w € L 2 (X), so that we deduce that 

Q s , e iy^ = ^(Qs^® id) tp*w v = ^V>*(( ( 2s,ev) <8> £- 7 ) G £ . 

7er 

Reciprocally let w € ^"(A" 2 ) be such that Q s ,eW belongs to £q. By the definition of this last space it follows 
that there exists / E L 2 (X) such that 

7er 
It follows that 

7er 

But then we have that u = Q- S .nf € "H^ (<¥) and in conclusion «j belongs to £ s (e)- 

2. This result follows from the Closed Graph Theorem. 

3. This result follows from the continuous embedding of H A (X) into L 2 (X) for any s > uniformly for 
e € [-eo.eo]. □ 

Lemma 6.16. For any m E M+ and for any e E [— eo, eo] w ^ have the following topological embedding: 

£ m (e) -> ^'(A-;H m (T)), (6.28) 

uniformly with respect to e E [— eo,eo]- 

Proof. From the Lemmas 16.151 c) and 16.81 it follows that we have the following topological embedding: £ m (e) <-► 
y'[X\ I/ 2 (T)) uniformly with respect to e e [— eo,eo]- From here on we proceed as in the proof of the secong 
inclusion in Lemma 13.171 Extending by continuity the sesquilinear form (|3.45|) to the canonical sesquilinear form 
(., .) m on .y"(X;H m {T)) x y(X;H m {T)) we can write it in the following way 

(«, v) m = (u, (id® < D r > 2 "» , V(«, w) e .?"(#; ft m (T)) x ,y (# x T) (6.29) 

and may extend it to .9" (X\ L 2 (T)) x y(X x T). 

Let us choose now some u E £ m (e) and let us denote by / := Q m ,eU E £o- Because u — Q- m ,eQm,eU = Q- m ,ef ', 
for any v 6 y(A" x T) we shall have the equality 

(u,v) m = (/,Q- m , £ (id®<i?r> 2m )w) . (6.30) 
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From the fact that £o is continuously embedded into S*" (X ; L 2 (T)) , it follows the existence of a defining 
semi-norm |.|; on ^(A"; L 2 (T)) such that 

\(u,v) m \ < ||/|| £o |Q_ m>e (id®<D r > 2 ">| z , VvE,Y(XxT). (6.31) 

Noticing that ||/||,e = ||w||£ m ( e ) and applying Lemma r3.16[ we deduce the existence of a defining semi-norm |.|- TO) fe 
on.y(X;H- m (T)) such that 

\(u,v) m \ < C\\u\\z m{£) \(id(g> < D r > 2m )v\^ k , Vve.Y(XxT). (6.32) 

But (id® < Dy > 2m )v\_ = ||v|| m> fe so that the statement of the Lemma follows from (J6.32I) . D 



7 The proof of Theorem 11.3 



The main technical results discussed in this section concern some continuity properties of the operators V e ,x and 
£ e .\ defined in Section [5] extended to some spaces of tempered distributions of the type considered in Section [5] 
We shall suppose that the Hypothesis H.l - H.6 are satisfied and we shall use the notations introduced in Sections 
[T]and[5] Let us just recall that: 



• 



• 



The operator P e := Dp " (p e ) with p e (y, 77) := p(y, y, 77), defines a self-adjoint operator in L 2 (X) on the domain 
H"l(X). 

The operator P e defines a self-adjoint operator P' e in the Hilbert space L 2 (X 2 ) with domain %™ (X 2 ) and 
another self-adjoint operator P" in the Hilbert space L 2 (X x T) with the domain JCJ l {X 2 ). 

Lemma 7.1. For any e £ [— eoi e o] we have that: 

1. P e £ B(£ m (e);£o) uniformly in e <E [— eo,eo]. 

2. The operator P e considered as an unbounded operator in the Hilbert space £0 defines a self-adjoint operator 
P"' having domain £ m (e) and this self-adjoint operator is unitarily equivalent with P e . 

Proof. 1. Let us choose two test functions v and <p from S^{X). Using formula (|2.4j) we obtain that 



[(</>*P e t/>*) (v <g> <p)] (x, y) = [Dp A ' ([(id ® t v <g> id)p e ]°)v\ (x)cp(y), V(x, y) E X 2 . 

In this equality we insert ip(y) = fx(y) := A~ d 0(^^) for some (A, 7) £ R+ x T and for any y £ X, where we 
denoted by 9 a test function of class Cq°(X) that satisfies the condition J x 9{y)dy = 1. With this choice we consider 
the limit for A \ as tempered distribution on X 2 . Taking into account that for A \ we have that <p\ converges 
in &"{X) to (5_ 7 and using Hypothesis H.6, we conclude that 

(ip*p € 4>*)(v®6^) = (p eU )®<5_ 7 , Vw e y(x), v 7 e r. 

Extending by continuity we can write the equality 

(i/>*P e t/>*)(v®6- y ) = (P e 7j)®<5_ 7 , \fv £ y'(X), V 7 G F. (7.1) 

We conclude that for any u £ £ m (e) of the form 

u = u v := y^ t/>*(v (g) £_ 7 ) 

for some v £ H™ (X) we can write: 

P e u = i>* l^2(iP*P^*)(v<E)S^)\ = ^t/>*((Pv)®<5_ 7 ). 
\ 7 er / 7 er 

The first statement of the Lemma follows now from the fact that P e £ B("H™ (X); L 2 (X)^j uniformly with respect 
to e £ [-e ,e ]. 
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2. Let us notice that the linear operator defined by 

W c : n s Ae (X) ->■ £ s (e), U:v := J» ® <J_ 7 ) 

is in fact a unitary operator for any pair (s, e) G R x [— eo, eo]. Following the arguments from the proof of the first 
point of the Lemma we have the following equality P e ll" = U^P e valid on W™ (X) (the domain of sclf-adjointness 

0fP e ). D 

We shall study now the effective Hamiltonian € \-(e,^) defined in Theorem 15.31 The following two technical 

results will be used in proving the boundedness and self-adjointness of £ |_(e, A) in 23^. 

Lemma 7.2. Suppose given an operator-valued symbol q G Sq(X;M(C )) that is hermitian (i.e. q(x, £)* = 
q(x, £), V(x, £) G SJ and verifies the following invariance property: (id <£> T 7 *)q = q, V7* G T* . Then, for any 
e G [— eoi e o] the operator Dp '(q) belongs to B(Q3^) uniformly with respect to e G [— eo,eo] and is self-adjoint. 

Moreover, the application Sq(X;M(C n )j 3 q 1— ► Op *(q) G B(53^) is continuous uniformly with respect to 
e G [-eo,eo]. 

Proof. The invariance with respect to translations from T* assumed in the statement implies that the operator- 
valued symbol q is in fact a r*-periodic function with respect to the second variable £ G X* and thus can be 
decomposed in a Fourier series (as tempered distributions in I 5^'(S;B(C JV ))): 

q(x,0 = Vi„(x)e'<^, q a (x) := l^l" 1 / €-*<*>"> q(x,Z)d£. (7.2) 

aer Je * 

Due to the regularity of the symbol functions we deduce that for any (3 G N d and for any k G N there exists a 
strictly positive constant C^.fe such that 

|(fl£qa)(a:)| < C Ptk <a>- k , Vx G A", Va G T (7.3) 

and we conclude that the series in ((721) converges in fact in BC°°(E;M(C N j) = S$(X;M(C N )). From JE1]) we 
deduce that __ 

(Dp A '(q)u)(x) = ^(Q Q u)(x), Vx G #, Vu G J^(Af : C*), (7.4) 

where Q a is the linear operator defined on S^(X;C N ) by the following oscillating integral: 

(Q a u)(x) := f^e l< ^ x -y +a> uo A Sx,y)q a {^-)u{y)dydi 1 = uu e (x,x + a) q a (x + a/2)( T - a u)(x). (7.5) 



u = Uf= J2 f & 1 G ^o^ f° r somc / £ [' 2 (r)] . Then we can write: 



Both equalities (17.41) and (|7.5[1 may be extended by continuity to any u G ^'(A^C*^). Let us consider then 

N 

>—v G UJn tor some r G iril'll 

■7 



7er 



Qa" = ^^(-7 -a, -7)^-7- a/2) /^<5_a,_ 7 = ^w j4e (- 7 ,a - 7) q Q (- 7 + a/2) /^_ q <5_ 7 . (7.6) 
7er 7 er 



If we use now the formula (|7.6|) in (|7.4|l we get 

Dp A ^(q) W - ^/ 7 £-7, ( 7 - 7 ) 



7er 

7 + &\ 



/ 7 := ^w A£ (-7,a-7)q Q (-7 + a/2)/ = ^uu e (-7> ~«) q<y-a( 5— )/ Q - (7.8) 



aer aer 



Let us verify that / G [? 2 (r)] . In fact from (J7.3I) and (J7.8I) it follows that for any fc G N (sufficiently large) there 
exists Cfe > such that 



|/ 7 | < C fc ^< 7 -a>- fe |/J < C fe /^<7-a>- fc /E < 7-">- fc l/J 2 , 
«er y aer y aer 

so that we have the estimation: 

H/llpW = ElAI 2 < C 'El/„l 2 = C'll/llpcr)]- (7-9) 

7er aer 
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From (|7J| and (fT9]) we clearly deduce the fact that Dp A ' (q) G B(23^) uniformly with respect to e € [-eo, eo] and 
the continuity of the application Sq(X;M(C n )) 3 q h-> Dp Ae (q) G B(2J^) uniformly with respect to e G [— e<j,eo] 
clearly follows from (T7T51) and ([?T2"|) . 

In order to prove the self-adjointness of Dp ' (q) we fix a second element v G Q3j^ of the form v = v g = ^2 g S 1 



for some g G [^ 2 (r)] . Then we notice that 



7er 7 



Let us point out the following evident equalities: 



£p E (q)« = EM-7 

7er 
9i = E w A E (~7,-a)q 7 -"(- X T L )g a - 



(7.10) 



[q(a;)]* = i\- a {x); uj Aa {~-f,-a) = u At (-a, -7) (7.11) 

in order to deduce that 

1 + a \ 
ter ' (a, 7 )er 2 

7 c aer ° 

a 



(V'(fl)«.«)^ = E(^ = £ 7 ) CJV = E K e (-7,-«)q7-a(- 1 7^)/ a »a 



E (/a'^C-^-^^-rC- 1 ^)^) = J2(L'9a) = (u,Dp A =(q)z;| 

( Q , 7 )er 2 v /cN aer 



Remark 7.3. Let us point out that a shorter proof of the boundedness of Dp "(q) on 33^ may be obtained by 
using the Proposition 16.41 characterizing the distributions from Q3o- The proof we have given has the advantage 
of giving the explicit form of the operator Dp £ (q) when we identify 53^ with [? 2 (r)] (see (I7.7P and (17. 8[1 ). 
Moreover, the self-adjointness is a very easy consequence of these formulae. 

In order to prove that the effective Hamiltonian (£ ^(e,X) satisfies the hypothesis of the Lemma [7.21 we shall 

need the commutation properties we have proved at the end of Section [5l that we now recall in the following 

Lemma. 

Lemma 7.4. With the notations introduced in Lemma \5.6\ and Remark \5.1\ for any 7* £ T* and for any (e, A) G 

[— eoj e o] x I the following equalities are true: 

*H n • — T » 9t 



g(e,A)T 7 . = T 7 .<£(e,A) 

(7.13) 



(£+(e,A)c7 7 . = T r C+(e,A) 



<£_(e,A)T r = cr 7 «€_(e,A) 
2: |_(e, A) <r 7 * = cr 7 » € |_(e, A). 

Proof. The equalities (J7.12I) are exactly the equalities (|5.24[) and (|5.25|) that we have proved in Section [5] The 
equalities (f7TT5|) follow from (f5T26l) and (l5~TTj) . □ 

Lemma 7.5. Under the Hypothesis of Theorem \5.3[ we have that € \-(c,X) £ B(QJq J uniformly with respect to 

(e, A) G [— eo,eo] X / and zs self-adjoint on the Hilbert space 03^. 

Proo/. We recall that £_+(e,A) := Dp A « (E~'+) where S~^ + G S$(X;M(C N )). This Lemma will thus follow 
directly from Lemma 17.21 once we have shown that E~' x is hermitian and r*-periodic in the second variable 

iex*. 

In order to prove the symmetry we use the fact that the operator £ e ^ is self-adjoint on JC(X 2 ) x L 2 (X; C N ) and 

deduce that <£ \-(e.,X) is self-adjoint on the Hilbert space L 2 (X;C N ). Thus we have the equality [(£ |_(e, A)] = 

2; |-(e, A) from which we deduce that 

As the application Dp e : J^'(S) — > M[S fi {X); S*"(X)) is an isomorphism (see [25]) it follows the symmetry relation 
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For the r*-periodicity we use the last equality in (|7.13j) that can also be written as 

cr_ 7 *l£ |_(e, A)<r 7 * = 2; |_(e, A). 

Considering now the equality (19.41) . that evidently remains true also for the Dp ' quantization, we can write 

er_ r £_ + (e,A)cr 7 . = £p A ' ((id <g> t^.)E~^). 



Repeating the above argument based on the injectivity of the quantization map ([25 ) we conclude that (id 



T-r)E7t = E-+ for any 7 * g T* . D 



We shall now study the continuity properties of the operators lH±, e , <£±(e, A) and (£(e, A) acting on the dis- 
tribution spaces QJo or £ by using the characterizations of these spaces obtained in Section [6] (Propositions 16.41 
16.101 and I6.12p as well as the commutation properties recalled in Lemma 17.41 We shall suppose the hypothesis of 
Theorem 15.31 are satisfied and (e, A) G [— eo,eo] x I- 
Lemma 7.6. 9t+ )e G B(£o;Q3^') uniformly with respect to e G [— eo,eo]. 

Proof. Let us recall that VK+, e = Op A " (R + ) with R + G S$(X;M(JC ;C N )) so that finally we deduce that 5K+ ie G 
B(^'{X;ICo);y'(X;C N )). Moreover, from Proposition [9^71 we deduce that for any s G R we have that $H +i£ G 

M(H% (X) (g)/Co ; [Ha (^0] ) uniformly with respect to e G [— eo, eo]. 

Suppose fixed some u G £o; from Proposition 16 . 1 01 we deduce the existence of a unique uq G W^ (X) <E> /Co = 
H^ (X) (g) L 2 (T) such that u = ^T 7 *uo with convergence in 5?' (X 2 ). In fact Lemma lUUl implies the convergence 

7* 

of the above series in =5^' (A; /Co). Using now also the second equation in (J7.12I) we can write that in J7"(X;C N ) 
we have the equalities 

7* 7* 

But we have seen that JH+ je uo G [H^ (%)] an d thus Proposition 16.41 b) implies that 9^+, e u G Q3j^. The fact 
that 9^ +i£ G B(£ ; ^q) uniformly with respect to e G [— eo, eo] follows now from this result and the following three 
remarks: 

1. The above mentioned continuity property of 9t+, £ that follows from Proposition 19.271 

2. The uniform continuity of the application £ 3 u n- u G 'H'a {X) ® /Co with respect to e G [— eo,eo], that 
follows from Proposition 16. 101 

3. The uniform continuity of the application %°g (X) 9 *H +je u i-> 5H+, e w G 03^ with respect to e G [— eo,eo], 
that follows from Proposition 16 .41 b) . 



D 
Lemma 7.7. (£_(e, A) G B^ojQJ^) uniformly with respect to (e, A) G [— eo7 e o] x !• 

Proof. Let us recall that <£_(e,A) = Op A ' (E~ x ) with E~ x G S^(X;M(JC ;C N )) uniformly with respect to (e, A) G 
[— eoi e o] X I- We continue as in the above proof of Lemma l7.6l Considering l£_(e, A) as a magnetic pscudodiffcrcntial 
operator it can be extended to an operator (£_(e, A) G *&L9"(X;K,q)\ S"'(X; C )); moreover we notice that £o is 
continuously embedded into &"(X;Kq) and we conclude that we have indeed that (£_(e, A) G M(£q; S*" (X;C N )) . 
From Proposition 16.101 we conclude that for any u G £o there exists some uq G H^ (X) (g) /Co such that u — 

Y^ T 7 *uo, the series converging in S^"\X\ /Co). Using this identity and the third equality in (I7.13|) we obtain that 

7*er* 

£-(e, X)u = N£_(e, A)T 7 «mq = > <7 7 *(£-(e, A)mq. 



7* 



|JVn 



Taking into account that for any s G R we have that (£_(e, A) G B("H^ (A") <g> /Co; ["H^ (A")] ) uniformly with 
respect to (e, A) G [— eo, eo] x /, the proof of the Lemma ends similarly to the proof of Lemma T7.6I above. □ 

Lemma 7.8. (S+(e, A) G B(2J V ; £ m (e)) uniformly with respect to (e, A) G [— eo,eo] x /. 
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Proof. Let us recall that £+(e,A) = Dp A " (E+ x ) with E+ x G 5g(A';B(C Ar ; /C m ^)) uniformly with respect to 
(e,A) e [-e ,e ] X /. We conclude that <£+(e,A) e W(y'(X; C N ); y'(X;}C mt0 )). Noticing that by Lemma U 
the space %3q embeds continuously into <9"(X\C N ) we conclude that <£+(e, A) G 8(23^; ^'(A'j/C^o)) uniformly 
with respect to (e, A) G [— eo, e ] x I. 

Suppose now fixed some u G 23^; we know from Proposition 16.41 that there exists an element uq G [H^ (%)] 



such that u — J^ er 7 »uo converging as tempered distribution and such that the application 23^ 3 u n- uq G 



[HJ4 (<%')] is continuous uniformly with respect to e G [— £oi e o]- Using this result and the second equation in 
(|7.13|) we obtain that 

<£ + (e,A)u = ^2 lS +( e > A ) cr 7* u o = X! T 7*( (£ +( e > A ) tt o)- 

7 * e r* 7 *er* 

Using now Lemma T6. 151 in order to prove that <£+(e, X)u G £ m (e) all we have to prove is that <3 m)e (£+(e, \)u G £o- 
In order to do that we shall need two of the properties of the operator Q m ^ that we have proved in the previous 
sections. 

First we know from (|3.22[) that 

^jm.e JL 7 * — ^'^fm.fj y^f G 1 

Secondly, at the end of the proof of Lemma 15.21 we have shown that Q m , 6 = Dp ' (q m , e ) with q m ,e G 
5o(Af;B(/C m ^;/Co)) uniformly with respect to e G [— £o, £ o]- If we use The Composition Theorem 19.241 we notice 
that q m ^ B 'E^ x e 5§(Af;B(C ; /Co)) uniformly with respect to (e, A) G [— £0) e o] x I- Applying then Proposition 

l9~27l gives that Q m ^ + (e,\) G W([W% t (X)] N ]U%{X) (g> /C ) uniformly with respect to (e,A) G [-e ,e ] X I. We 
conclude that _ 

Qm,£<£+(e, X)u = J^ T 7 .Q mje ((E + (e, X)u ), 

7 *er* 

and this last element belongs to £o as implied by Proposition [67T2J The conclusion of the Lemma follows now from 
the following remarks: 

1. The application 23^ 3u4«o£ Y^a (^)] ^ s continuous uniformly with respect to (e, A) G [— eo, eo] X /, as 



proved in Proposition 16.41 a 

2. The application 7-L°g (X) (g) /Co 3 Qm,e ( S+(e, A)uo ^ Qm,e*£+(e, A)u G £o is continuous uniformly with respect 
to (e, A) G [— e ,eo] X /, as proved in Proposition 16. 121 

□ 

Lemma 7.9. 9t_, e G B(Q3 V ; £ m (e)J uniformly with respect to e G [— eo,£o]- 

Proof. Let us recall that £K_ )6 = Dp- 4 ' (i?_) with i?_ G Sg(X;M(C N ;/C m , f )) as implied by (|4T2"2"|) and (|4T2"5|) . Using 
now the first equality in (J7.12I) we notice that 9t_ e er 7 * = T 7 «5H_ )£ , V7* G T* and the arguments from the proof of 
Lemma 17.81 may be repeated and one obtains the desired conclusion of the Lemma. □ 

Lemma 7.10. <£(e, A) G B(£o;£ m (e)) uniformly with respect to (e, A) G [— eo,eo] x I. 

Proof. Let us recall that <£(e,A) = Dp Ac (E e _\) with E € ,\ G Sq (A?;B(/Co;/C m ,f)) uniformly with respect to (e,A) G 
[— eo, eo] X J. As magnetic pseudodiffcrcntial operator we can then extend it to <£(e, A) G 23 (^"(#; /Co); ^'{X; K. m ,o)) ■ 
Recalling that we have a continuous embedding £ ^-> ^'(A 7 ; /Co) we deduce that (£(e, A) G B(£ ; 5P'(X\ IC m ,o)) ■ We 
use now Proposition ^. lOl and the first equality in (|7.13[) and write that for any u G £0 there exists uq G 1~L°£ (X)(g> /Co 
such that: __ 

C(e,A)« = ^ (£(e,A)T 7 - Uo = ^ T 7 « (<S(e, A)u ) , 
7 * e r* 7*er* 

with convergence in the sense of tempered distributions on A" 2 . From Proposition ^. 101 we deduce that the applica- 
tion £0 3 u *— > uq G "HJf (<^0 <8> /Co is continuous uniformly with respect to e G [— eo; £ o] and from The Composition 
Theorem 19.241 we deduce that q mje |J B<i -E l e,A G So (Af;B(/Co)) and the proof of the Lemma ends exactly as the proof 
of Lemma I7T51 □ 



4.3 



Now we shall prove a variant of Theorem 15.31 in the frame of the Hilbert spaces 2Jo and £o . 
Theorem 7.11. We suppose verified the hypothesis of Theorem 1 5. 3\ and use the same notations; then we have that 

V e , x G B(£ m (e) x QJ^;£ X <<), £ e>x G B(£ x <<;£ m (e) x QJ^), (7.14) 

uniformly with respect to (e, A) G [— eo, eo] X I. Moreover, for any (e, A) G [— eo, eo] x I the operator V e ,\ is invertible 
and its inverse is £ e> \. 

Proof. The boundedness properties in (|7T4|) follow from Lemmas IP (a) . 173 1 I7T61 Wl\ Ol 1731 and ITTTOl 

Concerning the invertibility of V e ,x let us recall that in Theorem 15.31 we have proved that the operator V e ,\ 

considered as operator in M(K,™{X 2 ) x L 2 (X; C N );IC(X 2 ) x L 2 (X;C N )) is invertible and its inverse is £ £ , A G 

B(/C(A- 2 ) x L 2 (X:C N );K.l n (X 2 ) x L 2 (X;C N )). 

From (|5.7|) we recall that V^x is a magnetic pseudodifferential operator with symbol V t of class S® (X; B(/C m , j x 

C n ;JCq x C^)) uniformly with respect to (e, A) G [— e ,eo] x I. Applying Proposition 19.71 we deduce that 

T e ,x G l(^(^;/C ro , ) x ^(A^C^J^/Co) x y(X;C N )), (7.15) 

and extending by continuity we also have that 

V^x € B(^"(A-;/C m:0 ) X ^(Af; C*); ^"(Af; K ) x ^'(A 1 ;^)). (7.16) 

Similarly, the operator £ e ^x appearing in Theorem 15.31 has a symbol of class Sq(X',M(JCo x < C N ;K m ,^ x C w )) 
and thus defines first an operator of the form 

£ £ , A G B(j^(#;/C ) x y{X;C N );y(X;IC m ,o) x .^(Af; C*)) , (7.17) 

and extending by continuity we also have that 

£ ( ,x G B(^'(Af; K ) x .?"(#; C*); ^"(Af; £ m , ) x ^'(Af; C w )) . (7.18) 

From the first inclusion in Lemma \3. 171 it follows that S^(X;}C m o) ^-> /C™(A 2 ), so that from the invertibility 
implied by Theorem 15.31 (see above in this proof), it also follows that the operator "P e ,x appearing in (|7.15[) is 
invertible and its inverse is the operator £ C: a appearing in (|7.17[) . As both operators P e ,A and £ e> x are symmetric, 
by duality we deduce that also the operators appearing in (|7.16[) and (|7.18p are the inverse of one another. This 
property, together with the embeddings £ m (e) <-> ^"(X;fC m ,o) given by Lemma [6.161 £o ^-> J7"(X;K. ) given by 
Lemma RTSl and 23o ^ ^'(X) given by Lemma I6T21 allow us to end the proof of the Theorem. □ 

We come now to the proof of the main result of this paper. 

Proof of the Theorem 11.31 We proceed exactly as in the proof of Corollarv l5.5l We start from the equality 

■DP ( [d£ " ° 

V ^ 8 ^ ~ \ o idv 

and use the fact that P"' is a self-adjoint operator in £o that is unitarily equivalent with P e (by Lemma I7TTJ) 
so that we deduce that cr(P"') = a{P e ^j. Then we can write that 

0G>(<£_+(e,A)) =>■ \t<r(P?'), and (Pf - A)" 1 = £(e, A) - £ + , e (e, A)£_ + (e, A)- 1 £_, e (e, A) (7.19) 

\io-(P' f ") =>■ 0£>(<S_ + (e,A)), and <£_ + (e, A)" 1 = -<K+, e (P e '" - A) _1 «_ )e . (7.20) 

In conclusion we have obtained that A G o~(P"') «> 0e er(l£ |_(e, A)) and this implies that A G o"(P e ) ^ 

0Ga(<S_+(e,A)). D 

An imediate consequence of Theorem 1 1.31 is the following result concerning the stability of spectral gaps for the 
operator P e : 



Proof of Corollary CO. 2 We apply Theorem II .31 and the arguments from its proof above, taking I — K and 

e > sufficiently small. Knowing that dist(i4T , ct(P )) > 0, we deduce that we also have dist(-RT, <t(Pq")) > 

and thus we have the estimation: 

sup (Po"-A) _1 < oo. (7.21) 

xex V ' HOC) 
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From (|7.20|) we deduce that 

XeK =$> 0^ cr(e_ + (0,A)) and <S_ + (0,A) _1 = -$H +)0 (.Po" ~ A) _1 9t_ o, 

and thus 

supH^+^A)- 1 !! < oo. (7.22) 

From Theorem 15.31 it follows that for any (e, A) G [— eoj eo] x K: 

<S_ + (e,A) = <S_+(0,A) + 6_ + (e,A), ©_ + (e, A) := Dp A '(5-+), (7.23) 

limS-+ = 0inS°(X;B(C N )), (7.24) 

uniformly with respect to A £ if. 

We notice that the symbol S~t(x, £) is r*-periodic in the second variable £ G Af*, so that from Lemma (J7.2I) 
we deduce that 

lim||6_ + (e,A)|| W) - 0, (7.25) 

uniformly with respect to A G K . 

From (|7.22p . (I7.23P and (J7.25I) imply that for eo > sufficiently small, the magnetic pseudodiffcrcntial 

operator l£ h( e , A) is invertible in B(2J ) for any (e, A) G [— eo,eo] x K; in conclusion <£ er((£_ + (e, A)) and 

thus A ^ cr(Pe) for any (e, A) G [— eo, eo] x K. 



The arguments elaborated in the proof of Corollary 11.41 allow to obtain an interesting relation between the 
spectra of the operators P e and Pa, under some stronger hypothesis. 

Hypothesis 1.1 Under the conditions of Hypothesis H.l we suppose further that for any pair (j,k) of indices 
between 1 and d the family {e _1 -B ej fc}o<| e |< eo are bounded subsets of BC°°(X). 

Hypothesis 1.2 We suppose that p e {x, y, rj) = po(y, rf) + r e (x, y, rj) where po is a real valued symbol from iSj"(T) 
with m > and the family {e _1 r c } <| e [< eo is a bounded subset of S™(X x T), each symbol r e being real valued. 
Hypothesis 1.3 The symbol po is elliptic; i.e. there exist C > 0, R > such that Po(y,r]) > C\r]\ m for any 
(y, 77) G 3 with \rj\ > R. 

Remark 7.12. If we come back to the proofs of Theorem 15. 3[ Theorem 19.241 (of Composition) and Proposition 
19.281 and suppose the Hypothesis 1.1 - 1.3 to be true, we can prove the following fact that extends our property 
(EH}: 

V/Cl compact interval, 3e > 0, 3N G N, such that: 

V(e,A)G[-e ,eo]x7, €_+(e, A) = €_+(0, A) + 6_+(e, A), 6_+(e, A) := Dp A '(S£), (726) 

the familly (e- 1 ^) is a bounded subset of S°(X; B(C Ar )) . 

Once again we notice the r*-periodicity of the symbol S~£(x,£) with respect to the variable £ G X* and from 
Lemma 17.21 we deduce that there exists a strictly positive constant Cl such that the following estimation is true: 

||©_+(e,A)|| B(arS r ) < Cie, V(e,A)G[-e ,eo]xJ. (7.27) 

Using Lemma 17.61 and 17.91 we conclude that there exists a strictly positive constant C2 such that the following 
estimation is true: 

ll^+^llB(£o;W f f) + H^-^llBCO«;£ m (e)) ^ C * Ve G [-e , eo]. (7.28) 

Proof of Proposition [TT5] For AfcR and 5 > we use the notation Mg := {t G R | dist(t, M) < 5}. Then we 
have to prove the following inclusions: 

a(P e )nI C a(P ) Ce nI, VeG[0,e o ]. (7.29) 

a(P )nI C a(P e ) Ce nI, VeG[0,e o ]. (7.30) 

Suppose there exists A G / such that dist(A, a(Po)) > Ce. From Lemma [7.11 we know that <x(Po) = ^(Pq") 
so that we deduce that dist(A, ct(Po")) > Ce and conclude that: 

[H"-Xr\\ mo) < (Ce)-. (7.31) 
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From (f7T20]) we also deduce that g ct(<£_+(0, A)) and £-+(0, A)" 1 = -9t +j0 (Po" - A ) ^-,0- Using these 
facts together with (|7.28p and (|7.31[) we obtain the estimation: 

H^+^A)- 1 !^ < Cl{Ce)-\ (7.32) 

Using (|7.27p and (|7.32[) we also obtain the following estimation: 

||(£_ + (0,A)- 1 || B(2JoN) -||©_ + (e,A)|| BW) < C x ClC-\ Ve€[-e ,e ]. (7.33) 

If we choose now C > such that C > CiCf , we notice that the operator <£ ^(e, A) = (£ ^(0, A) + & ^(e, A) 

is invertible in B(2J^) and thus we deduce that ^ <r((£ ±.(e, A)). It follows then that A ^ a {Pe) f° r an y 

e <G [— eo, eo] an d the inclusion (|7.29[) follows. 

Let us prove now (|7.30p . Let us suppose that for some e with |e| S (0, eo] there exists some A £ I such that 
dist(A, cr(P e )) > Ce. Recalling that tr(P e ) = a(P"') we deduce that we also have dist(A, ct(P"')) > Ce and 
thus 

l^'-^IL) < (Ce)-K (7.34) 

We also deduce that £ er(<£_+(e, A)) and <£_+(e, A)" 1 = -<H + , e (P"' - A) -1 ^- e . Using these facts together 
with (|7.28p and (|7.3ip we obtain the estimation: 

||£_ + ( e ,A)- 1 || BW) < CKCe)- 1 . (7.35) 

It follows like above that the operator (£ |_(0, A) = 6; |_(e, A) — & ^(e, A) is invertible in B(2J V ) and thus we 

deduce that ^ <t(£ |_(0, A)). It follows then that A ^ c(P)) and the inclusion (I7.30P follows. 

Remark 7.13. The relations (|7.29[) and (|7.30|) clearly imply that the boundaries of the spectral gaps of the 
operator P e are Lipshitz functions of e in e = 0. 

8 Some particular situations 

8.1 The simple spectral band 

In this subsection we shall find some explicit forms for the principal part of the effective Hamiltonian (£ |_(e, A). 

We shall suppose the Hypothesis H.l - H.6 to be satisfied. 

For the beginning we concentrate on the operator P = Dp(po) with p G 5" l (T) a real elliptic symbol. We 
know tht Pq has a self-adjoint realization as operator acting in L 2 (X) with the domain W m (X) (the usual Sobolev 
space of order m). From Lemma 19.191 we obtain that t^Pq = Pot 7 , V7 € T and thus we can use the Floquet theory 
in order to study the spectrum of the operator P . 

We shall consider the following spaces similar to the one used in Section |3] but with one variable less: 

J^(H) := {ve^'(E) I v(y + 1 , V ) = e l <^ > v(y,r ] )V 1 er, v(y, r, + 7*) = v(y, rf) V 7 € V*} (8.1) 

endowed with the topology induced from J?"(E!). 

^o(S) := {v £ Lf 0C (H) n ^(S) I v S L\E x E*)} (8.2) 

that is a Hilbert space for the norm |H|j? (s) := (|P*| _1 J E J E , \v(x,£)\ 2 dxdQ 

VsGR, & 3 {E) := {veS%\ ( < D > s ®id)u € =^b(H)} , (8.3) 

that is a Hilbert space with the norm ||u||^,(b) : = II ( < P> > s ®kl)v||j? (H). 

The following Lemma and its prof are completely similar with the case discussed in Section [3] 
Lemma 8.1. With the above notations the following statements are true: 

1. The operator Uq : L 2 {X) — > J?o(2) defined by 

(U u)(x,0 := ^V^^ - 7), V(x,£) eS, (8.4) 

is a unitary operator. The inverse of the operator Uq is the operator Wo : J^o(2) —> L 2 (X) defined as 

(Wow) (a) := \E*\^ f v(x,£)d£, \/xeX. (8.5) 

JE* 

4G 



2. For any s£l the restriction of the operator Uo to H S (X) defines a unitary operator Uq : % S (X) — > jF s (S). 
Lemma 8.2. With the above notations the following statements are true: 

1. The operator Pq := Pq ® id leaves invariant the subspace J?^(S). 

2. Considered as an unbounded operator in the Hilbert space J^b(S), the operator Pq is self-adjoint and lower 
semi-bounded on the domain J^ m (S) and is unitarily equivalent to the operator Pq. 



Proof. The first conclusion follows easily from Lemma 19.191 For the second conclusion let us notice that 
implies the following equality: 

U P u = P U u, VueH m (X), (8.6) 

that together withLemma 18.11 implies that Pq and Pq are unitarily equivalent. □ 

Let us notice that for any v € &o(£) and for any £ <E X*, the restriction i>(-,£) defines a function on X that is 
of class &q£ and by Remark \9 . 1 71 this last space is canonically unitarily equivalent with L 2 (E); moreover we have 
the equality 

IMU o(a) = |i^~ 1/2 (/ B JK-,Ollk^) ■ 

The following periodicity is evidently true: J^o,£ = =^0,5+7* f° r any 7* G T*. Moreover, it is easy to see that we 
can make the following identification: 

^o(H) = f & ,tdt. 

Similarly, we also have the following relations: 

/•e 
^.^^Vfer'; J? m (») = / & mA di. 

Taking into account the Remark l9.23l we notice that for any £ £ X* the operator P induces on the Hilbert space 
=^0,£ a self-adjoint operator with domain & m ,i that we shalll denote by Po(£); we evidently have the periodicity 
Po(£+7*) = -Po(Oforany 7 *er*. 

If we idntify K.q with Lf oc n J^p(S) = L 2 (E), the same Remark 19.231 implies that the operator Po(£) is unitarily 
equivalent with the operator Po(£) that is induced by Dp ((id® r_^)p) on the space /Co; this is a self-adjoint lower 
semi-bounded operator on the domain JC m ,£, (identified with T-L"^ c (X)D.yp(X), with the norm || < £>+£ > m -\\l 2 (e))- 
More precisely, we can write that 

Po(0 = o-- e P (O<rt, V£ G A"*. (8.7) 



Lemma 8.3. For any z e C\ U o-(Po(£)) i/ie application 

X*3^^(P (0 - z) -1 eB(£o) (8.8) 

is o/dass c°°(#*). 

Proof. From the Example 19.211 follows that the application 

X* 3 £ m. (P (£) - z)" 1 e E(/C m , ;/C ) 
is of class C°°(X*). But from the second rezolvent equality: 

(P (0 - z)- 1 - (P (&) - z) _1 = (P (£) - Z ) _1 (Po(eo) - Po(£))(Po(£o) - z) _1 
follows the continuity of the application (|8.8[) and the existence of the derivatives follows by usual arguments. □ 
Lemma 8.4. XTie following equality is true: 

Po = / Po(£)d£. (8.9) 



47 



Proof. First let us notice the equality 

(P u)(;O = 3)(0«(-,0, VeeT,, Vue^o(S). (8.10) 

Then, from (|8.7[) we deduce the equality: 

(p (o + *y l = <rd p o(o + *)~v_ c , V£ g A* 

and from Lemma 18.31 we obtain the continuity of the application 

and that together with (I8.10p imply equality (|8.9p . □ 

Remark 8.5. Let us notice that K, m ^ is compactly embedded into /Co and thus, the operator Po(£) has compact 
rezolvent for any £ G A*; it is clearly lower semi-bounded uniformly with respect to £ G A"* (taking into account 

that P (£ + 7*) = <7_ 7 «P (£)cV> V7* G F*). We deduce that cr(P (£)) = ct(Po(0) = { A j(Ob>i, wh ere for 
any £ G A* and any j > 1, Aj(£) is a real finitely degenerated eigenvalue and lim Xj(£,) = 00 V£ G A"*; we can 

j'-s-oo 

always renumber the eigenvalues and suppose that Aj(£) < Aj+i(£) for any j > 1 and for any £ G X*. Due to the 
F*-periodicity of P(£) we have that Aj(£ + 7*) = Aj(£) for any j > 1, for any (eA" and for any 7* G T*. These 
are the Floquet eigenvalues of the operator Pq. 
Lemma 8.6. For each j > 1 i/ie function T*> 3 £ 1— > Aj(£) £ R is continuous on T* ,d uniformly in j > 1. 

Proof. From the uniform lower semi-boundedness it follows the existence of some real number c G M such that 
Aj(£) > C + 1 for any j > 1 and for any £ G X*. We can thus define the operators i?(£) := (Po(£) — c) , for 
any £ G A"* and due to the result in Lemma [8.31 we obtain a function of class C°°(A*;B(/Co)); for any £ G A* 

the operator i?(£) is a bounded self-adjoint operator on /Co and cr(-R(£)) = {(Aj(£) — c) }j>i- Applying now the 
Min-Max Principle (see [32]) we obtain easily that: 

(AjtO-c)" 1 - (Aj-ftO-c)- 1 ! < ||P(0 - fl«o)||, (JCo) , V(£,£o) G [A*] 2 , Vj > 1. 

D 

Lemma 8.7. We have the following spectral decomposition: cr(Po) — &\Jv) = U A- wit/i Jfc := Afe(T*' ) is a 
compact interval in K. 



Proof. Lemma 18.21 states that the operators Po and Po are unitarily equivalent and thus they have the same 
spectrum. From Theorem XIII. 85 (d) in [32] it follows that: 

A G (t(Po) <=^ Ve>0, |{£GT*' d I a(P o (O)n(A-e,A + e)^0}| > 0. 

00 , 

Let us denote by M := U Jk- If A G M, it exist £0 G ™*' and k > 1 such that A = Afc(£o)- Due to the continuity 

of Afc(£) we know that for any e > there exists a neighborhood V of £0 in T* ,d such that |Afc(£) — A| < e for any 
£ G V. It follows that A G cr(Po) and thus M C cr(Po). 

On the other hand it is evident by definitions that ct(Po) C M and thus we need to prove that M is a closed set. 
Let us fix some A G M; it follows that there exists a sequence {/i;}z>i C M such that fxi — > A. We deduce that 

for any I > 1 there exists a point £' G T* ,d and an index h > 1 such that /i; = A&, (£ ). The manifold T*' d being 
compact it follows that we may suppose that it exists £ G T*' d such that £' — > £. Due to the uniform continuity 

of the functions Xj with respect to j > 1 we deduce that Afc,(£) -> A. Taking into account that Aj(£) — > 00 for 

(— >oo ' j— s-oo 

any £ G T*' d we deduce that the sequence {ji}i>i becomes constant above some rank. We conclude that A = \j l (£) 
for I sufficiently large and that means that A G M. □ 

If we suppose that Hypothesis H.7 is satisfied, i.e. there exists k > 1 such that Jk is a simple spectral band for 
Po, then we have some more regularity for the Floquet eigenvalue Afc(£). 

Lemma 8.8. Under Hypothesis H.7, if Jk is a simple spectral band for Pq, then the function Afc(£) is of class 

C°°(TM). 



4S 



Proof. Let us fix a circle ^ in the complex plane having its center on the real axis and such that: Jk is contained 
in the open interior domain delimited by ^ and all the other spectral bands Ji with I 7^ k are contained in the 
exterior open domain delimited by c £ (that is unbounded). In particular, for such a choice we get that the distance 
d(S>(Po))>0. 

With the above noations let us define the following operator: 

n fc (0 := ~<f (p (O-z) _1 dz, v^r (8.11) 

One verifies easily that it is an orthogonal projection on the subspace Mk (<£) := ker (Po (£) — z) , that is a complex 
vector space of dimension 1. Moreover, it is easy to verify using Lemma [8.31 that the application T* ,d 3 £ n- 
II*(0 G B(/C ) is of class C°° (V> d ;M(Ko)) . 

Let us now fix some point £0 G T*' d and some vector </>(£o) G ■A/"fc(£o) having norm ||<^(£o)||k:o = !• We can find 
a sufficiently small open neighborhood Vb of £0 in T* ,d such that 

l|n fe (£M£o)ll,e > ~, V£gV . 

We denote by 

4>{0 := l|n fc (O0(&)|lxo ln fc(O0(6). V^GFo. 

For any £ G Vb the vector ^(^) is a norm one vector that generates the subspace A4(£) and <j> G C°°(Vb;/Co). 
We choose now c G K as in the proof of Lemma 18.61 Then, for any £ G Vb we have that 

(A*(0 - c) _1 0(O = (Po(0 - dd) _1 ^(0 

and we conclude that 

(A*(0 - c)" 1 = ((P (0 - dd)~V(0. ^(0) r • 

Using Lemma 15731 we conclude finally that A& G C°°(Vo). d 

Lemma 8.9. With the above definitions and notations the following statements are true: 

1. For any (s,£) fix X* the Hilbert spaces K, s £ and & s> £ al "e stable under complex conjugation. 

2. V£ G X* and V7* G V* we have that P (£ + 7*) = cx_ 7 «Po(£)o- 7 * and Aj(£ + 7*) = \ 3 {£) for any j > 1. 

3. If the symbol po verifies the property 

Po(x,-0 = po(x,0 (8.12) 

then the following relations hold: 



PoiO = Po(-£K Vw G /C m , ? , V£ G X*. (8.13) 

A,(-0 = Ai(0, Vj>l. (8.14) 



n fc (£) w = n fc (-o«, Vug/Co, v^ga-*, (8.15) 

/or anj/ simple spectral band J^ of P . 

Proof. The first statement follows directly from the definitions (|9.22j) and (|9.24j) , while the second statement follows 
from Remark 18.51 

As we know that Po(£) is induced by Po^ := Dp((idl ® T-^)p) on the Hilbert space /Co, it is enough to prove 
that Pq,£U = Po,-^u for any u G y{X). In fact, for any x G X we have that: 



,x + y 



(Po,tu)(x) = y_e 4< "^ > p (^,C + ?? ) U (y)d 2 ;^ = 

e i<^-w> Wj (£+» j$ _„)^J dy(S7 = J^x-v^^^s + rj^dydr) = (P ,_^)(x). 

Let us fix now some point £ G ^* and some vector u G /C m .^; following statement (1) of this Lemma and (|8.13[) . 
the vector u is an eigenvector of Po(£) for the eigenvalue Aj(£) if and only if u is eigenvector of Po(— £) for the 
eigenvalue Aj(£). We deduce that {Aj(— £)}j>i = {Aj(£)}j>i; as both sequences are monotonuous we conclude 
that Xj(— £) = Aj(£) for any j > 1 so that we obtain (|8.14p . 

Finally ([8T5]) follows from (f8TT3f and (|8"XTjl . D 
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The next Lemma is very important for the construction in the Grushin problem under Hypothesis H.7; we shall 
prove it following the ideas in [T7] . 

Lemma 8.10. Supposing that Hypothesis H.7 is also satisfied and supposing that p{y 1 — r q) = p(y,i]) for any 
(y, rj) £ 3, we can construct a function having the following properties: 

1. ^£C co (E;/Ci mfi )foranyl£N. 

2- <p{y + i,ri) = (j){y,rj), V(j,i))eS, V7 G T. 

3. 4>(y,V+l*) = e-*<T*'» > ^(i/, ) 7), V(t/, 77) G 3, V 7 * G T*. 

4- \\<K;V)\\ko = !. V^e-Y*. 



<?■ ^(y,??) = 4>(y,-ri) V(y,r])e3. 

6. 0(-,77) G 7V fc (r?) = ker(P W - A fe (r?)), Vt? G A*. 

Proof. First we shall construct a function e C(Af*;/Co) that satisfies properties (2)-(6). 

We begin by recalling that life <E C°° (X ;M(Ko)j and deducing that there exists some 5 > such that for any 
pair of points (£',£") € [-E*] 2 with |£' — £"| < S the following estimation is true: 

l|n fc (£') - n fe (r)|| B(M < i. (8.16) 

We decompose the vectors of X* with respect to the dual basis {e*}i<j<d associated to T, and write £ = t\e\ + 
■ ■ ■ + tde* d or £ = (ti, . . . , t<j) for any £ 6 A"*. In particular we have that £ £ 25* if and only if —(1/2) < £j < (1/2) 
for any j — 1, . . . , d. The construction of the function <p will be done by induction on the number d of variables 
{t\, . . . ,t d ). 

We start with the case d = 1, or equivalently, we consider only momenta of the type (t, 0) with (gl and 
£ R d_1 . We choose some n £ N* such that n^ 1 < S and consider a division of the interval [0, 1/2] C K: 

= r < ti < ■ ■ ■ < t„ = 1/2, 73 = j-, V0 < j < n. 



Let us fix some vector -0(0) € A4((0, 0) such that ||"0(O)]|/c o = 1 an d 0(0) = V'(O); this last property may be 
realized noticing that Lemma [8U1 implies that if v £ A4((0, 0)) then also v £ A4((0, 0)) and if ||0(O)||)Co = 1 then it 
exists / £ K such that 0(0) = e 4 ^-0(O) and we can replace V>(0) by e~ l ^ 2 tp(0). We use now (|8.16|) and deduce that 

||n fe ((t,o))0(o)|| Ko > i, vte[o,ri]. 

Thus we can define: 

0(i) := ||n fe ((t, 0)^(0)11^ n fc ((t,o))^(o), vte[o,n]. (8.17) 

We notice that this function verifies the following properties: 



0eC([O,Ti];/C o ); ^(0)=^(0); ||0(i)|k„ = 1, Vt G [0,n]; 0(i) G W fe ((t,0)), Vi G [0,n]. (8.18) 

But let us notice that we can use (18.16)) once more starting with 0>(ti), noticing that we also have 

||n fc ((i,o))0(r 1 )|| Ko > 1 vte[Ti,7a]. 

and defining 

iP(t) := ||n fc ((t, 0))^(n)||^ H fc ((t, 0))^(n), VtG [n.ra]. (8.19) 

We notice that \imtp(t) = 0(ti) and conclude that the function ip : [0,r 2 ] —¥ /Co, defined by (|8.17|) and (|8.19l) is 

t\,Tl 

continuous in t = t\ and also verifies 



0eC([O,r 2 ];/C o ); 0(O)=0(O); ||0(i)k o = 1, Vt £ [0, r 2 ]; 0(t) G A4((t,0)), Vt G [0,7*]. (8.20) 

Continuing in this way, after a finite number of steps (n steps) we obtain a function : [0, (1/2)] — ¥ /Co verifying 
the properties: 



0GC([O,l/2];/C o ); 0(O)=V(O); ||V(t)|| Ko = 1, Vt G [0,1/2]; 0(t) G.A4((t,0)), Vt G [0,1/2]. (8.21) 
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We extend now this function to the interval [—(1/2), (1/2)] by defining ip(—t) := ip(t) for any t € [0, 1/2]. It 
verifies the properties: 



^C([-1/2,1/2];K ); ${t) G A4((*,0)), Vt G [-1/2,1/2]. 



3.22) 



The second property above follows easily from (|8.13|) . 

We take now into account the second statement of the Lemma 18.91 and notice that it implies the equality 

P ((l/2,0)) = a_ejPo((-l/2,0)Kj 

and from that we deduce that cr_ e *'0(— 1/2) is an eigenvector of P ((l/2,0)) for the eigenvalue A&((— 1/2, 0)) = 
A fc ((l/2,0)) (following ([5TT3)) ). We deduce that it exists itel such that 

<7_ eJ ^(-l/2) = e^(l/2). 
Let us define now </>(£) := e ltK ijj(t) for any t G [—1/2, 1/2]. It will evidently have the following properties: 

0eC([-l/2,l/2];/Co); 4>{t) G Af k ((t,0)), W G [-1/2,1/2]; 0(1/2) = cr_ e .0(-l/2). (8.23) 

We extend this function to R by the following reccurence relation: 

0(t) := a_ e j0(i - 1), Vt G [j - 1/2, j + 1/2], j G Z. (8.24) 

We obtain a function </> : 1R — >■ /Co verifying the following properties: 



' G C(R;/C ). 

IIM)lk„ - 1, VteM. 

0(i) = <£(-*), Vi G R. 
[ <t>{t) GAf k ((t,0)), VteM. 



VZeZ. 



.25) 



Let us denote now by t' := (ti, . . . , t<j-i) G R rf l and suppose by hypothesis that we have constructed a function 
ip : M d_1 — > /Cq satisfying the following properties: 



' ip G C(R d - 1 ;/C ). 
^(t'+r) = er_ <e .,.,/> V(0, Vt 'e 

IhK^OIko = i, vt'eR^- 1 . 

ifj(t') = ip(-t'), Vt'eW'- 1 . 

{ V(i') € A4((i',0)), Vi'eK^ 1 . 



VI' G Z' 



d-l 



5.26) 



We want to construct now a function <fr : R d — ► /Co satisfying the same properties as -0 above (with d — 1 replaced 
by d). For doing that let us introduce the following notations t — (£',£<*) with t' — (ti, ■ . ■ ,£<j-i) G M rf_1 for any 

t={h,...,t d )eR d . 

We start by defining first ip(t',0) := ip(t') for any £' G M d_1 . Repeating the argumet at the beginning of this 
proof, we extend step by step our function ip on subsets of the form R d_1 x [tj,Tj+i] with < j < n — 1. Finally 
we extend it to the subset R d_1 x [-1/2, 1/2] by the definition ip(t', — *<*) ■= tp(-t',td) for any t' G R d_1 and any 
td G [0, 1/2]. We obtain in this way a function ip : R d_1 x [—1/2, 1/2] — > /Co verifying the properties: 



f ^ G ^R^xl-lAl/^Ko). 

fe + J',t«0 = a- <g »,v>^{ff ,t d ), Vt'eR^ 1 , VZ'eZ^ 1 , Vt d G[-l/2,l/2]. 

life.** ) II *o = 1, Vi'eR^ 1 , W d G [-1/2,1/2]. 

fe,t d ) = i){-t',-t d ), Vi'eR^ 1 , Vt d e [-1/2,1/2]. 
I fe,t„) G A4((i',0)), Vt' G R d -\ Vt d G [-1/2,1/2]. 



.27) 



Now we come once more to the second statement of the Lemma 18.91 and notice that: 

P ((*',l/2)) = cr_ e jP ((t',-l/2))a eS , Vi'eR^ 1 . 

We deduce that a- e 'tp(t', — 1/2) is a normed eigenvector of Po((t', 1/2)) for the eigenvalue Afc((t / , — 1/2)) = 
Afe((t', 1/2)) (we made use of point (3) in Lemma |8J]) . We conclude that it exists a function k' : R d_1 — > R 
such that 

< r_ e .^(t',-l/2) = e iK ' (t,) fe, 1/2), Vt'eR^ 1 . (8.28) 
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From the continuity of the function -0 g C(R d 1 x [—1/2, 1/2]; /Co) we deduce the continuity of the function 
e ZK ' : M^™ 1 -» U(l) and also of the function «' : R d_1 -> K. We take into account now (18.28)) and the second 
equality in (pOTf with t' G R d_1 and I' G Z d_1 and get 

e*«'V+*')$(t! + l',l/2) = cx_ e ^(i' + 1', -1/2) - t 7_e S a_<e-^>'0(< , ,-l/2) = 

= c7_ <e . v , >e iK ' <*'%', 1/2) = e"^''^(i' + r,l/2). 

It follows that e l \- K ^ +l )~ K ^ ■" =1 and the function k' : M d_1 — > M being continuous we deduce that for any 
i' 6 Z d_1 there exists ra(Z') G Z such that 

«;'(*' + /')- «'(*') = 2im(l'), Vt'eR d_1 . (8.29) 

But from (|8.28[) we deduce that 

CT_ e .^(-i',-l/2) = e iK '(- i '^(-t',l/2), Vi' G R d_1 . 
After complex conjugation and making use of (|8.27[) we get 

a e .0(i',l/2) = e-**'(- t '^(< / > -1/2), Vi' e R d_1 , 

or equivalently 

cx_ e ^(i', -1/2) = e ,K 'l-''V(t',l/2), Vt' e K d_1 . 

We use once again (|8.28p in order to obtain the equality e lK ( _ * > = e lK (' ', or equivalently the relation «'(—£') — 
/s'(i') G 27rZ. As the function k' is continuous, we conclude that the difference k'(— i') — «'(*') must be constant; 
as in t' = this difference is by definition we conclude that 

K'(-t') = K'(t'), Vi' G R rf_1 . (8.30) 

We consider now (I8.29[) and notice that for any V £ Z d_1 we can choose the point i' := —(1/2)1' E M^ -1 
verifying the relation t 1 + 1' = — i' and thus we conclude that n(l') = for any /' e Z d_1 obtaining the equalities 

n'{t' + l') = «'(*'), Vi' G R d ~\ V/' G Z d_1 . (8.31) 

We can now define cf> : M d_1 x [—1/2.1/2] — > /Co by the following equality: 

4>{t',t d ) := e JK '(*')*^(i',i d ), V^t^K^x [-1/2,1/2]. (8.32) 

From (|8.30[) and (|8.31[) the function has all the properties (J8.27I) and it also has the following property: 

0(i' + /',l/2) = (7<e.',i'><7- e ;£(< / , -1/2), Vi'eM d_1 , VZ' e Z d_1 . (8.33) 

In fact we see that 

0(f + i',l/2) = e lK '(*')/ 2 ^(i' + /',l/2) = e iK '( t ')/V_ <e « v , > ^(i',l/2) = e - lK '( 4 '>/ 2 a_ <e .^ >( 7_ e .0(i', -1/2) = 

= cr_ <e .,,,/ > a_e S 0(t',-l/2). 
As in the case d = 1 we extend the function to the entire R d by the following relation: 

4>{t\t d ) := a- e * d 0(t',t d - 1), Vi' G K d - X Vi d G [7 - l/2,j + 1/2], j G Z. (8.34) 

We evidently obtain a function of class C[X*;ICo) satisfying the properties (2)-(6) in our Lemma. 

We end up our construction by a regularization procedure. Let us choose a real, non-negative, even function 
X € Cq°(X*) and such that J x , x(t)dt = 1. For any S > we denote by xs(0 ■= 8~ d x{£,/3) and define: 

MO '■= I X6({-V)kv)dv, VCGA-*. (8.35) 

Jx* 

Evidently <f>s £ C°°(X*;ICo) for any 6 > 0. Moreover we also have that: 
<M£ + 7*) = / X«5(£ + 7* - vWv) d-q = / Xs(^ - v)Ml + 1*) d V = / xs(£ - v)< j -j*<1 ) ('>]) d V = (8.36) 

JA" i^« JA 1 * 
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KO 



= a_ 7 .<M£), V£gA"\ VfeT; 



x* 



(8.37) 



.t- 



Xs(Z + r))<t>(ri)dri = Xs(.~t - vMv) dv = MS), V(er 

We shall prove now the following continuity relation: 

we > 0, 3S > : 110,(0 - 0(OI|jc o < *, V<5 £ [Q,6o], ^ e #*. 
In fact, let us notice that: 



.38) 



HMO - #e)lk, < / IWe-fy) - H0\\K \x(v)\dv < c 



X* 



Hit-Sri) -m\\K dn- 



suppx 



The function <f> being continuous and satisfying the relation </>(£ + 7*) = a r*4>(0 f° r an 7* € T* and for all £ G A'* 

we conclude that it is uniformly continuous on X* and the support of \ being compact, the above estimation 
implies the stated continuity in 6 > 0. Thus we conclude that for <5 £ [0, So] with 5q > small enough we have 



n*(0&(0 



K. a 2 



and we can define: 



HO 



n fe (0^o(Oll^n fe (0^o(0, v^g** 



It remains to prove that (/> G C°° (X* ; Kim,o) for any Z £ N because all the other properties from the statement 
of our Lemma are clearly satisfied considering the definition of (f>. The case I — is also clear from the definition. 

Let us notice that Pq G C°° (X*; B(/C m .o; /Co)) and we know that for any £o £ X* there exists a constant Co > 
such that 

Vu G /C m o 



||u|k m , D < Co (JlPottoMI^ + ||«lk 
and evidently 

||«Hx^,o < Co (\\Po(04^ + HOte) - Po(OHIiC„ + ||«||jCo) - VC G A-*, V« G Kmfi- 

Choosing a sufficiently small neighborhood Vo of £o G X* we deduce that it exists Cq > such that 
Nile™.,, < C (\\P (Ou\\ Ko + \\u\\ko) , Ve G Vo, Vu G K, mfi . 

Thus, with c£l the constant introduced in the proof of Lemma 18.61 if we take u := (Po(£) — c) u for some 
v £ /Cq we obtain that 



(te 



< G 'Mk , V^GVo, Wg/C . 



We conclude that (Po(0 ~ c ) G B>(/Co;/C mi o) uniformly for £ in any compact subset of X* . 

Considering now the proof of Lemma |8~31 once again we obtain that in fact <fi G C°°(A'*;/C mi o) and we get the 
case 1 = 1. 

In order to obtain the general situation Z G N let us notice that for any £ £ X* we know that </)(£) G X>(Po(£) ) 
and P (f)V(£) = A fc (0V(0 fOT an Y I ^ N. We also have that P (-)' e C 00 ^*;!^; /C ;m , )). The fact that 
Po(Q l is induced by the operator Pp * on the Hilbert space of tempered distributions /Co and we know that Pq is 
elliptic of order Im, allows us to conclude by an argument similar to the one above, that <j> G C°°{^X*\Kim,o) for 
any (eN. □ 

Remark 8.11. The arguments used in the proof of Lemma [4.71 allow to deduce from properties (1) - (3) from 
Lemma T8. 101 that for any a G N d and for any s G K there exists a constant C a , s > such that: 



K^K-'Olljc < ffa,., V£G** 



(8.39) 
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Proof of Proposition ITTBI We shall repeat the construction of the Grushin operator (|4.33p from Section 0] under 
the Hypothesis of Proposition II .61 We shall prove that in this case we can take N = 1 and <j>i(x, £) = <j)(x, £) 
the function obtained in Lemma rS.lQI Due to Lemma fS-lOl and Remark [8.11l this function has all the properties 
needed in Lemma l4~7l It is thus possible to obtain the operator Vq(£, A) and the essential problem is to prove 
its invertibility in order to obtain a result similar to Proposition l4.8l Frm that point the proof of Proposition 
11.61 iust repeats the arguments of Section [5] 

As in Section SI for any £ G X* we construct the operators: 

R+{0 G B(/C ,C), R+(Ou := (u,<f>(;0) Ko , Vu G K , (8.40) 

i?_(0 € B(C,/C ), R-(0c ■= c0(-,O. VceC. (8.41) 

It is evident that R+ G 5g(Af;ffi(/C m , e ;C)) and i?_ G Sg(Af;B(C;/C )) and from Example USE we deduce 
that P (-) - Aid G 5§(^;B(/C m , £ ;/Co)) uniformly for A € J. 
For any (£, A) G A"* x I wc dchnc 

^o(^A) := f ^ ( | } ^"^ J G B(/C ro , s xC;/C xC). (8.42) 

We denote by A% := /C TO .£ x C and by B^ :— /Co X C and we notice that 

Vo(-,X) e Sg(AT;B(X;B.) uniformly in A G J. (8.43) 

In order to construct an inverse for Vo(£, A) we make the following choices: 
£°(£,A) € B(C;/C ro , s ), £°(£,A)c := c0(-,O> 

£°(£,A) G B(/C ;C), £°(£,A)u := («,#-, 0)ko' 

£° + (£,A) G B(C), ^ + (C,A)c := (A - A fe (£))c, 

£°(£,A) G B(/C ;/C m>e ), E°(£,A) := [id - U k (0] [P (0 - A] [id 

where A&(£) is the Floquet eigenvalue generating the simple spectral band Jfc and IL.(£) is the orthogonal 
projection on A/fc(£) as defined in (I8.11[) , with the circle "if chosen to contain the interval Jcl into its 
interior domain. 

Let us notice that the operator E°(£, A) is well defined; in fact Sftange [id — rL-(£)] is the orthogonal com- 
plement in /C of Afk(0 '■= ker [P (C) ~ A] (linearly generated by <f>(-,£)) and is a reducing subspace for 
Pq(0- Thus -Po(£) induces on the space Sftange [id — ]!&(£)] a self-adjoint operator having the spectrum 
{Aj(£)}j/fc- If A G / and / is as in the hypothesis (i.e. I l~l Ji = for any I ^ k), the distance from A to 
the spectrum of this induced operator is bounded below by a strictly positive constant C > that does not 
depend on (£, A) G X* x /; thus the norm of the rezolvent of this induced operator, in point A G / C K 
is bounded above by C _1 . This rezolvent is exactly our operator E°(£, A) defined in (|8.47[l . Recalling that 
Po(0 — A G Sq (X;M(K. m ,^;lCo)) uniformly with respect to A G / and the formula f|8.11[) for the operator 
IIfc(£) one proves that E°(-,£) G Sq(X;M(JCo; K. m ^)) uniformly with respect to A G I. 

By definition we have that E°_(^ A) G 5§(Af;B(C;/C TOjS )), E°_ (£, A) G Sg(#;B(£ ;C)), £° + (£, A) G Sg(Af;B(C)) 
uniformly for A G / and thus if we define for any (£, A) G A"* x /: 

*>(f,A) := ( g|j> J^ ) e M(8,; A ) (8.48) 

we obtain an operator- valued symbol: 

£o(- ■• ,A) G 5§(Af;B(B.;X)), uniformly in A G I. (8.49) 

We shall verify now that for each (£, A) G A"* x / this defines an inverse for the operator Vq(£, A): 

Po(£,A)£o(£,A) = id, on/CoxC. (8.50) 

We can write: 



VceC, 


(8.44) 


Vu G /Co, 


(8.45) 


VceC, 


(8.46) 


a] [id - n*(0] , 


(8.47) 



■p. 



tf A^ ^ A^ ( (^>® - X ) E °(^ X ) + R-(£)&.foX) (Po(0 - A)£°(£,A) + R-(£)E°_ + (t,\) \ 
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For any u £ /Co we can write: 

(p (0 - x)e°(s,\)u = [P Q (0 - x] [id - n fe (0] [p (0 - Af 1 [id - n fc (0]« = [id - n fc (0]u, 

p_(£)£°(£>a)u = («,^(-,0)/co^(-.0 = n ^) u 
i? + (0^°(^,A) w = ([id - n fc (e)] [p (0 - Af 1 [id - n k (0]u, #,£)) = o. 

For c£C we can write that: 

(Po(0 - A)P°(£,A)c - c(P (e) - A)^(-,0 = c(A fc (0 - A)<K-,0, 
P_(e)P%(e,A)c = (A-A fc (O)c0(-,O, 



i? + (^p°(e,A) C - c(^(-,o^(-,o). 



c. 




These identities imply (|8.50[) . The property of being a left inverse is verified by very similar computations or 
by taking into account the self-adjointness of both Po(£, A) and £o(£, A). 

From this point one can repeat identically the arguments in the proof of Theorem 11.31 noticing that (|5.12p 
and (|8.46p imply that we can take P^(x,£) as in (jl.38[) . 

8.2 The constant magnetic field 

In this subsection we prove Proposition 11.71 Thus we suppose that the symbols p e do not depend on the first 
argument and the magnetic field has constant components: 

| E B jk (e)dXjAdx k , B jk {e) = -B kj (e) £ R, 
i<i,k<d ( 8 .51) 

Using the transversal gauge (11.28[) we associate to these magnetic fields some vector potentials A c := (A €< \, . . . , A i: d) 
satisfying: 

A *A*) = \ E B Me)*k- ( 8 - 52 ) 

l<fc<d 

Proof of Proposition [T771 (1) We use formula (|2.5[) from Lemma l2~2l noticing that the linearity of the functions 
A e j and the definition of uj a imply that 

«r_.A.(y,jf) = ^ e (y,y)e 4<A »^)^-S> = uj Ai+Ai[x) {y,y). (8.53) 

We deduce that for any u £ S^(X 2 ) and for any (a;, y) £ X 2 we have that: 

(x*£(x*) _1 «) («»!/) = [(id®a A(x) )(id®P e )(id®a_ A(x) )u\(x,y). (8.54) 

It follows that the operator P e , that is an unbounded self- adjoint operator in L 2 {X 2 ) denoted in Proposition 
13.151 by P e ', is unitarily equivalent with the oprtator id <g> P e with P e self-adjoint unbounded operator in 
L 2 (X). It follows that <r(P e ') = o(P e ). From Proposition GDI we deduce that o-{P' e ) = cr(P e ") where P e " is 
the self-adjoint realization of P e in the space L 2 [X x T). Finally, from Corollarv l5.5l we deduce that for any 
(A, e) £ I X [—eo, eo] we have the equivalence relation: 

A £ <r(P e ") <^ £ ff(g_ + (e,A)), 

where £ |_(e, A) is considered as a bounded self-adjoint operator on [L 2 (A")] . 

In order to prove the second point of Proposition II . 71 we shall use the magnetic translations T e ^ a :— <J Ae i a )T a for 
any a £ X, that define a family of unitary operators in L 2 (X). 

Lemma 8.12. For any two families of Hilbert spaces with temperate variation {A^^x* and {B^}^^x* and for 
any operator-valued symbol q £ iSg(A?;B(,4«;f?«)) the following equality holds: 

T^ a Dp A '{q) = Dp A »((r a ®id)(?)T e , a , Va £ X. (8.55) 
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Proof. From Lemma 19.191 it follows that 

T a Dp A *(q) = Dp T « A '((T a ®id)q)T a . (8.56) 

We notice that T a A e = A e — A e (a), so that the equality (J8.56I) becomes 

T a Qp A *(q) = Dp^- A ^\(T a ®id) q )r a . (8.57) 

Then, for any u £ y(X; Ao) and for any x £ X we can write that 

(*-A.(a)*V-(«>A.(«)«) (*) = Jj < ^ x - v> e- l<A ^- x -y>u JA Sx,y)q{^,v)n{y)dydT 1 . 

Noticing that < A e (a),X — y >= — Jj , A e (a), the above formula implies that 

Sp A <{q)v AAa) = ^ e(a) £)p ( ^- A «(°»( g ). (8.58) 

From (|537| and (J8~5%1) we deduce that 

T e>a Dp A *{q) = <7 Ae(o) r a £)p A '(g) = ^ e (a)Op ( ^- Ae(a)) ((r (gidl)g)T = Dp^((r a ®idl)g)a Ae(a) T a = 

= Dp A »((r a ®idl) 9 )T^ a . 

D 

Proof of Proposition fTTH (2) The operator V € .\ := Dp(V e (-, •, A)) from Theorem 15.31 has its symbol defined in 
([£1 : 

Pc(x,Z,\) := ( ^11^ X \ {0 ) . V(»,0 € S, V(A,e) € / X [-e ,e ] 

where q e (x, £) := £)p(p e (ai, •, £, •)) with p e (x.y.£ l , n) := p e (x, y, £ + r/). As we have noticed from the beginning, 
we suppose that our symbol p e does not depend on the first variable so that neither the operator-valued 
symbol V e will not depend on the first variable. From Lemma T8. 121 the operator 

V e ,x : y{X-lC mfi x C N ) -> y(X;ICo x C N ) 

commutes with the family {T e<a (g) idL; x cAr} ae ;t. Then its inverse appearing in Theorem 15.31 

£ e , x : y(X;ICo X C N ) -> y(X;IC„ h o X C") 

also commutes with the family {T £iQ ® id]^ oX cN} ae x- From this property we deduce that also the operator 
£_+(e,A) : L 2 (X;C N ) -> L 2 (X;C N ) commutes with the family {T^ a ® id c «} aGA <. Using Lemma Ell once 
again we deduce that : 

Dp A ' (E-+) = <£_+(e, A) = [T^ a ®idl c «]€„ + (e,A)[T^ a ®idl c »]" 1 = Dp^((r a ® id)£"jf), Va € Af. 

We conclude that E~t(x, £) = E~^(x — a, £) for any (a;, £) £ S and for any a G A". It follows that 
E~£(x,£) = E~£(0,£) for any (x,£) £ S. The r*-periodicity follows as in the general case (see the proof of 
Lemma I7.5[) . 

9 Appendices 

9.1 Magnetic pseudodifferential operators with operator- valued symbols 

Definition 9.1. A family of Hilbert spaces {A^^x* (indexed by the points in the momentum space) is said to 
have temperate variation when it verifies the following two conditions: 

1. A% = A v as complex vector spaces V(£,7y) G [A"*] 2 . 

2. There exist C > and M > such that Vu £ Ao we have the estimation: 

||u||* < C<Z-r,> M \\u\\ An , V&t,) G [X*] 2 . (9.1) 
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Example 9.2. We can take A$ — H S (X), with any s £ R endowed with the ^-dependent norm: 

||«IU := (/ <Z + V> 2s \Hv)\ 2 dv) , VueH s (X),VZeX*. 
The inequality (|9.ip clearly follows from the well known inequality: 

< £ + r, > 2s < c s <( + v > 2s < e - C > 2|s| , v& 77, C) e [*T, (9.2) 

where the constant C s only depends on s £ R. For this specific family we shall use the shorter notation A% = H|(A"). 
Definition 9.3. Suppose given two families of Hilbcrt spaces with tempered variation {A{\^X' and {B{\^x*] 
suppose also given m £ R, p £ [0,1] and 3> a finite dimensional real vector space. A function p £ C°°^y x 
X*; M(Aq; <^o)) is called an operator-valued symbol of class «S™ (V; M(A,; B,)) when it verifies the following property: 



Vq , g fljdim^ V/ g g N d ; 3Cq > 



>m -p\f3\ vj(.. e\ c v y v* (9.3) 



The space S™ (j 7 ; B(_4. ; 6.)) endowed with the family of seminorms v a .p defined as being the smallest constants 
C Qi /3 that satisfy the defining property (|9.3|) is a metrizable locally convex linear topological space. In case we 
have for any £ <E X* that ^4^ = Aq and B^ = Bq as algebraic and topological structures, then we use the notation 
S™ (y;M(Ao; Bo)) . If moreover we have that Aq — Bq = C, then we use the simple notation S™(y). 
Example 9.4. If p £ S™(X) and if for any £ £ X* we denote by p^ :— (id (g> r_g)p, by P ? := Dp(p{) and by p 
the application 5 9 (x, £) i-> Pj € B('H| +m (- ; f);H|(A')), for some s £ R, we can prove that p is an operator valued 
symbol of class S$(X;M(H s . +m (X);Hl(X))). Moreover the map SJ"(Ar) 3p^p£ S%(X;^{Hl +m {X);H%{X))) is 
continuous. 



In fact, let us recall that for any £ £ X* we have denoted by a^ the multiplication operator with the function 



e i<£,-> on the space j"(X). Then, for any u £ y{X) and for any £ £ X* we have that u £ Ul +m {X) and 



we can write: 



(a^P a s u) (x) = jf e '<"-^-«>p(^, ^)„(y) dy eft, = jf e *<**-v> p £±!L, 77 + f)«(v) dy dfj - (P £ «) (x) 

and we conclude that 

P c - a_ c P a 4 , VeeA-*. (9.4) 

On the other side, for any £ £ X* we notice that p^ is a symbol of class S^iX) and thus, the usual Weyl 
calculus implies that P^ £ M(T-L s+m (X);T-L s (X)j for any s £ R. We notice easily that for any multi- index 
/3 £ N d we can write: 

afp ? = Dp(afp ? ) (9.5) 

so that we conclude that P ? £ C 00 (E;B(H 8+m (X);'H s (X))) (constant with respect to the variable x £ X) 
for any set. 

Let us further notice that for any u £ S^(X) and any £ £ X* we have the equalities: 

a^u = T^u, (9-6) 



IK- -wll 2 



H™ = / <Z + V> 2s m + V)rdn = \\u\\ 2 na{xy (9.7) 



x 



Coming back to (|9.4[) we deduce that for any u £ S^(X) and any £ 6 A"* we have the estimation: 

ll p ? u llw|(^) = \\ p o^ u fns {X ) ^ c » hi u \\u>+ m{x) = C s |kll^|+m W - 

Using also the equality (I9.5[) we obtain similar estimations for the derivatives of P% and conclude that p £ 
S$(X;M(U s + m {X);H s .(X))) and we have the continuity of the map S™( X) 3p^p£ Sg(X;M(M s + m (X);M s .(X))). 

Definition 9.5. We denote by S 1 ™ (X 2 ;M(A, ; B,)j the linear space of families {pe}| e |< eo satisfying the following 
three conditions: 

1. Ve £ [— eo,co], p c € S™(X 2 ;M(A,;B.)) uniformly with respect to e £ [-e ,e ], 
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2. limp e = p mS^(X 2 ;M(A.;B.)), 

3. Denoting the variable in X 2 by (x,y), for any multi- index a £ N d with \a\ > 1 we have that lim d"p e = 

mS™(X 2 ;M(A.;B.)), 

endowed with the natural locally convex topology of symbols of Hormander type. 

As in the case of Definition 19.31 in case we have for any £ £ X* that A% = Ao and B^ = Bo as algebraic and 
topological structures, then we use the notation S™ [X 2 ; B(„4 ; Bo)) . If moreover we have that Ao = Bo = C, then 
we use the simple notation S™ e (X 2 ). 

For the families of symbols of type S 1 ™ (A" 2 ; B(.4. ;£>.)) that do not depend on the first variable x in X 2 we 
shall use the notation S™ e (X;M(A.;B.)). 

Let us also notice the following canonical injection: 

S™ e (X;R(A.;B.)) 3 Pt m. \&®p t £ 5™ (* 2 ;B(A;B.)). 
Remark 9.6. We can obtain the following description of the space S™(X 2 ;M(A t ;B,)): 

If {p e }| e |<e £ S™ [X 2 ; M(A,\ B,)) then we can write the first order Taylor expansion: 



Pe(x,y,ri) = Pe(0,y,v) + (x, / (V x p e )(tx,y,7i)dt) 



Using conditions (2) and (3) from Definition 19.51 we deduce that 

Po{x,y,rj) = p (0,y,?7)- 

We denote by: po(y,rj) := po(0,y,r]) as element in S™(X;M(A»;B t )) and by: 

re{x,y,rj) := p e (x,y,rj) - po{y,rj). 

This last symbol is of class S™(X 2 ; M(A,; B,)) uniformly with respect to e £ {—eo, eo]- 
We have: r = and lim r e = in S^{X 2 ;M{A.;B,)) and evidently: 

Pe(x,y,v) = Po(y,??) + r e (x,y,r)). (9.8) 

Reciprocally, if po and r e from the equality (|9.8[) have the properties stated above, then {p e }\ e \<e belongs to 
S™ e (X 2 ;M(A.;B.)). 

We shall consider now magnetic pseudodifferential operators associated to operator-valued symbols. Let us first 
consider p £ S™(X;A,;B,)) and a magnetic field B with components of class BC°°(X); this magnetic field can 
always be associated with a vector potential A with components of class C^(X) (as for example in the transversal 
gauge). Let us recall the notation u>a(x, y) '■= exp{— i J, , A}. For any u £ Sf{X; Ao) we can define the oscillating 
integral (its existence following from the next Proposition): 

[£>p A (p)u](x) := f e i <^-y>u; A (x,y)p(^-,7 1 )u(y)dydr 1 , Vx £ X. (9.9) 

Proposition 9.7. Under the hypothesis described in the paragraph above (J9.9I) the following facts are true: 

1. The integral in (|9.9p exists for any x £ X as oscillating Bochner integral and defines a function Dp (p)u £ 

y(X;B Q ). 

2. The map Dp (p) : S^(X;Aq) — > .y(X;Bo) defined by (|9.9|) and point (1) above is linear and continuous. 

3. The formal adjoint [Dp (p)l : y{X]Bo) — > J?(X;Ao) of the linear continuous operator defined at point 
(2) above is equal to Dp A (p*) where p* £ Sf (X;B(B.; A.)) where m' = m + 2(M A + M B ) and p*(x,£) := 
\p(x, £)] (the adjoint inM(Ao',Bo). 

4- The operator Dp (p) extends in a natural way to a linear continuous operator J?"(X;Ao) — > J?"(X;Bo) that 
we denote in the same way. 
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Proof. Let us first prove the first two points of the Proposition. 

Fix some u G y(X;Ao) and for the begining let us suppose that p{y,~q) = for \ij\ > R, with some R > 0. 
Then, for any x £ X, the integral in (I9.9P exists as a Bochner integral of a So-valued function. Let us notice that 
in this case we can integrate by parts in (|9.9p and use the identities: 



i<r],x-y> 



-< x-y >- 2Nl [(id-A r ,) Nl e i<TI ' x - v> ] , VTVi g N; e~ i<rt ' y> =< r) >~ 2W2 [(id-A^e-^'^] , V7V 2 G N. 



In this way we obtain the equality: 



[Dp A (p)u](x) 



J<r],x-y> 



< x — y > 



-2Ni 



(id -A,) 



N\ 



< n >- 2N > (id- A V ) N * [u A (x,y)[p{ 



rx + y 



v)u(y)] 



(9.10) 
dyaVq. 



From this one easily obtains the following estimation: 3C(7Vi,iV 2 ) > 0, 3fc(7V 2 ) G N such that for any leNwc 
have 



[Op A (p)u](x) 



< 



Bo 



< c 



f <x-y >- 2N '< r, >- 2N - (<x> + <y> ) fe(JVa) < v > ™+m b+ m a< y > -i dydr] 



sup sup < y > l || (d a u)(y)\ 



\a\<2N 2 y&X 



Ao 



where M_4 and Mg are the constants appearing in condition (|9.1|) with respect to each of the two families {A^^fzx* 
and {B^}^(zx*- We make the following choices: 



2iV 2 > to + M^ + M B + d, Z = 2N X + k(N 2 ) + d + 1, 2iVi > fc(7V 2 ) 



and we obtain that 



[£)^(p)u] (s) < C(JVi) < x >~ 2Ar i+ fc (^) SU p sup <y>' ||(a Q w)(2/)| 



Bn 



Vie A". 



H<27V 2 vex 



(9.11) 



Similar estimations may be obtained for the derivatives d£ Dp (p)u and this finishes the proof of the first two 
points of the Proposition for the "compact support" situation we have considered first. 

For the general case we consider a cut-off function ip e Cfi°(X*) that is equal to 1 for \r/\ < 1. For any R > 1 
we define then the 'approximating' symbols Pii(y,T)) :— <p(r) / R)p(y , r)) that has compact support in the ^-variable 
and belongs to S™JX]M(A,; B.)) uniformly with respect to R e [l,oo). We write the operator Dp (pn) under a 
form similar to f|J9.10[) with the choice of the parameters N\ and iV 2 as above; then the Dominated Convergence 
Theorem allows us to take the limit R /* oo obtaining now for Dp (p) the integral expression (|9.10[) that is well 
defined and verifies the estimation (|9.11|) . 

The last two points of the statement of the Proposition follow in a standard way from the equality: 

f ([Dp A (p)u](x),v(x)) dx = f (u(y), [Dp A (p*)v](y)) dy, V(u,v) G S?{X; A Q ) X S?{X; B ). (9.12) 

□ 
Example 9.8. Let us consider a family {p e }\ e \< eo of class S™ e (X 2 ) and let us define, as in Subsection 11.31 

Pe{x,y,£,,v) : = Pe(x,y,€ + r)); <\ e (x,0 ■= £>p(p e (a:, -,£,•))• 
The following two statements are true: 

1. {qj|e|<e G S^(X;M(Hi+ m (X);Hi(X)) for any a £ R. 

2. If the family of magnetic fields {i? e }| e |< eo satisfies Hypothesis H.l and if the associated vector potentials are 
choosen as in (ll.28[) . then we have that: 

Dp^(q e ) G M(y{X;H s+m {X));y(X;H s {X))) n B(y'{X;H s+m {X)); ,9" (X;U S {X))), (9.13) 

for any stl. Moreover, 

Dp A -(q e ) g m(y(x 2 );<y(x 2 )) n M(y'(x 2 );y"(x 2 )), (9.14) 

and all the continuities are uniform with respect to e G [— eo,eo]- 
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Proof. We begin by verifying point (1). By similar arguments as in Example l9.4l we prove that for any e £ [— eo, eo] 
and sGlwe have that q e £ S® [X; B("H* +m (X); %% (<%"))) uniformly with respect to e G [— eo, eo] and the following 
application is continuous: 

S{ n {X 2 ) 3 Pe ^q e £ S^(X;M(Ui +m (X);H s .(X)), Vs e R, 

uniformly with respect to e € [— eo,eo]. Point (1) follows then clearly. 

Concerning the second point of the Proposition, let us notice that (19. 13)) and the uniformity with respect to 
e £ [— eo,eo] follow easily from Proposition 19.71 and its proof. 

In order to prove (I9.14J) let us notice that P e (x, •,£, •) :=< £ >~l m p € (x, ■,£, •) defines a symbol of class S™(X) 
uniformly with respect to ((x, £), e) £ Sx [— eo, eo] and we can view the element p' e as a function in BC°° (S; Sq 1 (X)j . 
Then, the operator-valued symbol q^(a;, £) :=< £ >H m q c (x,£) has the following property: 

V(a,/3) e [N<f, (^qQ(x,0 G l(^(Af)), 

uniformly with respect to ((x,£),e) € H x [— e ,e ]. 

Denoting s s (x,£) :=< £ > s for any s€l and writing Dp Ae (q e ) = Dp Ae (s\ m \C\'), the proof of Proposition 19.71 
implies (10.14)) uniformly with respect to e £ [— eo, eo]. □ 

9.2 Some spaces of periodic distributions 

We shall use the following notations: 

• S^(X) := {u £ ,9"{X) | t 7 u = u, V7 £ T}, the space of T-periodic distributions on X. 

• J^T) := C°°(T) with the usual Frechet topology, We have the evident identification: 

y(T) = {<p£g(x) 1 T 7 ip = <p, v 7 er} = s%(x)n£(X). 

• S"(T) is the dual of ,y{T). 

• We shall denote by < •, • >t the natural bilinear map defined by the duality relation on J/*'(T) x J^(T) and 
by (•, -)t the natural sesquilinear map on J7"(T) x y(T) obtaind by extending the scalar product from L 2 (T). 

Remark 9.9. It is well known that the spaces S^(X) and =5^'(T) can be identified through the following topological 
isomorphism: 

i:J"(T)^S%(X); <i(»,^>:=<u,^V 7 <p> T , V(«, tp) € J"(T) X &{*). (9.15) 

In order to give an explicit form to the inverse of the isomorphism i let us fix some test function <\> £ Cfi° (X) such 

that Yl T 7^ = 1 (it ' s eas Y to see that there exist enough such functions). Then we can easily verify that: 

7er 

<r 1 {v),e> T =<v, ( f>e>, \/(v,e)£^{x)xy(T). (9.16) 

Remark 9.10. For any distribution u £ S^(X) = 5^"(T) we have the Fourier series decomposition: 

u= J2 «(7*)ct 7 *, «(7*) := IE]- 1 <u,a^, > T , (9.17) 

7*er* 

where cr 7 * (y) :— e %<1 ' v> ,\/y £ T,V7* £ T* and the series converges as tempered distribution. 
In particular, if u £ L 2 (T) we also have the equality: 



\u I, . ■- \E\ J2 \Hl*)\ 2 - (9-18) 



2 
L 2 (T) 

7*er* 



Remark 9.11. A simple computation allows to prove that for any s £ R and any 7* <G T* the following equality 
is true in ,9"(X): 

<D> s a-y, =<7*> s ct 7 .. (9.19) 

Using now (|9. IT)) we deduce that < D > s induces on S"(T) = J^(Af) a well-defined operator, denoted by < D? > s , 
cxplicitcly given by the following formula: 

<D r > s u:= J2 <1* > s u(l*)or^, Vuey'(T). (9.20) 

7*er* 
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Definition 9.12. Given any s€lwe define the complex linear space: 

H S {T) := {«£/(!) |<D r > s «£i 2 (T)} 

endowed with the quadratic norm ||u||f{ s (T) : — II < Dp > s u \\l 2 (t) f° r which it becomes a Hilbert space. 
Let us notice that for any u £ S*"(T) we have the following equivalence relation: 

u £ n s {T) <^> \E\~ X J2 <"** >2S K7*)| 2 < oo. 

7*er* 

and the formula in the right hand side of the above equivalence relation is equal to ||w||2,»/ T y From these facts it 
follows easily that J^(T) is dense in "H S (T). 

Lemma 9.13. Let p £ S\ n (X) and let us denote by P ■— Op(p). Then for any s £ R and for any u £ H^ m (X) ("I 
y'{X) we have that Pu £ H? oc (X) n S"(X). 

Proof. It is clear from the definitions that we have Pu £ S*"(X). For any relatively compact open subset Q, c X wc 
can choose two positive test functions ip and x of class Cq°(X) such that: ip = 1 on Q and x = 1 on a neighborhood 
V^f, of the support of ip. Then x u <= H s+m (X) and we know that P\u £ W S (X). Thus the Lemma will follow if wc 
prove that the restriction of P(l — x) u to f2 is of class C°°(0). For that, let us choose ^ G Cg°(fi) and notice that 

(P(l-XK^) = («,(l-^'(#)) = (u,J K(x,v)4>(y)dy\, 
where for any N £ N we have the following equality (obtained by the usual integration by parts method): 
K(x,y) := (1- X ( x ))^(y) f e*<^-y>\x-y\- 2N [A%p(^±y,- V )}a V . 

It is evident that K £ 5 fi (X 2 ), so that v(y) :=< u(-),K(-,y) > is a function of class S?(X) and we have the 
equality: 

(P(l- X )u,(f>) = <v,(p>, 

from which we conclude that P(l — x) u <= C°°(f2). D 

Corollary 9.14. The space % S (T) caw 6e identified with the usual Sobolev space of order s on the torus that is 
defined as Hf oc (X) n ^(X). 

Proof. The Corollary follows from Lemma [9.131 using the fact that we have the equality < Dp > s =< D > s on 
S^(X) and thus for any u £ y^(X) the following relations hold: 

u £ H S (T) o- <D r > s u£ L 2 (T) ^ <D> S u£ L? oc (X) n f T {X) & u £ H? 0C (X) n ^ r (X). 

D 
Remark 9.15. Let us notice the following facts to be used in the paper. 

1. For any pair of real numbers (s,t) the application < D-p > s : W t+S (T) — > H 3 (T) is an isometric isomorphism. 

2. For any pair (w, v) of test functions from y(T) the following equalities are true: 

)"H S (T) 



(u, v) n . m = (< D T > s u, < D T > s v) r = (u, < D T > 2s v) 



3. The dual of H S (T) can be canonically identified with the space W S (T). In fact, using also the above remark, 
we can identify the dual of H S (T) with itself via the operator < Dp >~ 2s . 

Example 9.16. For any s £ R and for any £ £ X* we define the following operator: 

<Dr+Z> s :y'{T)^y'(T) 7 < D r + £_ > s u := ^ < 7 * + £ > s fi(7*)oy- (9-21) 

7*er* 

Considering u £ y v {X) we evidently have that < Dr + £ > s u =< D + £ > s u. 
We define the following complex linear space: 

/C s , 4 := {u£.y\T) \<D r + £,> s u£L 2 {T)}, (9.22) 
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endowed with the quadratic norm: 

NIL, : = \\<D r + t> s u\\ 2 L2{T) = l^r 1 ^ < 7 *+£> 2s K7*)| 2 (9.23) 

7 *er* 

that defines a structure of Hilbert space on it. 

It is clear that K, s ,£ — "H S (T) as complex vector spaces and for £ = even as Hilbert spaces (having the 
same scalar product). Similar arguments to those in Example 19.21 show that the family {IC s ^}^x* has temperate 
variation. 

Coming back to Corollarv l9.14l we can consider the elements of K. S} ^ as distributions from Hf oc (X) nS^(X) and 
we can define the spaces: 

?.& := {u G S"(X) | a^u G /C., c } . (9.24) 

It will become a Hilbert space isometrically isomorphic with K. s ^ (through the operator cr~^) once we endow it 
with the norm: 

Hull^ := h-tu\\ Ksi , Vug^. (9.25) 

Remark 9.17. Let us fix some £ G X*. 

1. Let us denote by: 

y^(X) := {ue,9"{X) | T_ 7 u = e l<? ' 7> M,V 7 eL}. (9.26) 

Then cr_f : 5? 'AX) — > S^^{X) is an isomorphism having the inverse <7f. 

2. Let us notice that we can write: 

Jb,c = {u€S"(X) | a^u€Lf oc (X)n^(X)} = ^(*) n Ll c (X) 

and conclude that we can identify J~q,£ with L 2 (E) and notice that we have the equality of the norms 
||m||jf 5 = || , u||z, 2 (E)- In fact the isomorphism jj : T$£ — > L 2 {E) is defined by taking the restriction to £ C A", 
i.e. j^u := it|£:,Vu G ^o,f' We can obtain an explicit formula for its inverse j7 : L 2 {E) —t J-q.^; for any 
v G L 2 (E) we define a distribution v^ that is equal to o-^v on £J and is extended to X by T-periodicity. This 
clearly gives us a distribution from Lf oc (X) ("I S^(X). One can easily see that we have j7 u = <7£U£. 

3. From (O it follows that < D + £ > s = o-_ e < D > s a^. Thus: 

and for any u G Fb,£ we have that 

ll«lb..« = lk-*«lljc.,« 

= ||<L> r +£> 5 'o-_ 5 u|| L2m = \\a-z<D> s u\\ L , lL) = ||- I) :-- » 
In particular we obtain that 

j;, ? = {uey e 'w |<d> s «g^}, ||«||^ = \\<D> s u y Qi . (9.28) 

Moreover, if s > we have that T s ^ = {u G J-q.^ \ < D > s u G ^b,f}- 

Definition 9.18. We shall denote by S™(X x T;M(A,;B.)) the space of symbols p G S^(Af 2 ;B(^;B.)) that are 
T-periodic with respect to the second variable (i.e. p(x, y + 7, £) = p(x, y, £), V(ar, y) G X 2 , V£ G A"* and V7 G F). 

In a similar way we define the spaces S™(l; M(A.;B.)), S™(X x T;M(Aq; B )) , S™(T;M(Ao;B )), S p n (XxT), 
5™(T), S% e (X x T;B(A;S.)) ; S p n t (X x T;l(^o;B )), S™ (A x T). Let us notice that we have an evident 
identification of S% e (X; M{A. ; B.)) with a subspace of S™ (X x T; M(A. ; B.)) . 
Lemma 9.19. Under the hypothesis of Proposition pT7[ for any a G X we have the equality: 

T a Dp A ( P ) = Dp T « A ((T a ®id)p)T a . (9.29) 

Proof. We start from equality (|9.9p with u G 5^\X\Aq) and we get: 

~T a 0p A (p)u] (x) : [ e*<^- a -y>u JA (x-a,y)p( X ~ a 2 + y , V )u( y )dyd-T 1 = 

,x + y 



«lb..« = lk-c«ll/c.,« = ( 9 - 27 ) 

y(l) = ll°"-S < ^ >" ""IIl^e) = II< £) > s '"IIl2( j e)- 



I 



i<v,x v>u A {x- a ,y-a)p(—l L -a,<ti)u{y-a)dydri, \fxeX. 



02 



First let us recall that: 

uja(x, y) = e" 1 -'^^ = exp < i I (x — y), / A((l — s)x + sy)ds > }> . (9.30) 



Let us notice that 

«/ [x— a,y— a] 

and thus uja(x — a, y — a) = u! Ta A(x,y). D 



((x-y), A((l- s)x + sy- a)ds) 



Lemma 9.20. For any symbol p G S" l (T) the pseudodifferential operator P :— Op(p) induces on T an operator 
Pr G ®(/C s + m ,o;/C S) o) f or an y s G R and the application S*™(T) 3 p t— > Pr G B(/C s + mi o; /Cs.o) *•? continuous. 

Proof. From equality (|9.29[) with A = and from the fact that (r 7 <g)idl)p = p, V7 G T we deduce that P leaves ^(A") 
invariant and thus induces a linear and continuous operator Pp : <5*"(T) — > J^'(T). If u G JC s + m ,o = H s+m (T) we 
can write 

\\Pru\\ Ks0 = \\< D r > s P r u\\ L2m = \\< D > s Pu\\ L2(E) = ||< D > s P < P >— »< D > s+m u\\ L2(E) . 

From the Weyl calculus we know that < D > s P < D >~ s ~' Tl = Qp(q) for a well defined symbol q G Si(X') and 
the map S" l (T) 3 p i->- q G Si (A) is continuous; by Lemma \9. 131 we can find a strictly positive constant C' {p) (it is 
one of the defining seminorms for the topology of S" 1 (T) and we can find a number N G N (that does not depend 
on p as seen in the proof of Lemma I9.13[) such that 



< D > s P < D >~ 



v\\ LHE) < Co(p)IMMf), VveL? oc (x)ny'(x), 



where P := U r 7 P, and r^ := {7 G T | | 7 | < N}. Let us consider now v =< P > s+m u € £f oc (A) n ^r W- 

7er N 
We deduce that 



«IIL(F) = E / l«(*)l 2 d» < C&IMIi. (JS ) = C^||<D> fl+m u || L 2 = c 

I . I -- »7 J T-,E 



\ 1 \<N Jt '< E 



JVll"ll/C s 



We conclude that ||Pru||;c s ,o — CVCo(p)IMlK s + m ,o- ^ 

Example 9.21. For any symbol p G ^{"(T) and for any point £ € A"* we know that (id ® T-£)p G S^(T) and due 
to Lemma li).20l the operator P^ := Dp((idl(g) r_^)p) induces on T a well defined operator Pp^ G B(/C s+mi0 ; /C s ,o) for 
any s G R. From the same Lemma we deduce that the application X* 3 £ i— > Pr,£ G B(/C s+mi o; ^-s,o) is continuous; 
taking into account that dfP% = Dp((idl ® r_ 7 )(idl ® d a )p) we deduce that the previous application is in fact of 
class C°°. 

Let us prove now that for any s G K we have that 

Pr, ? G S °(T;B(/C s+m , ? ;/C s , c )) (9.31) 

and the application 

SJ"(T) 9 p ^ P r ^ e Sg(T;B(/C a+m , € ;/C., c )) (9.32) 

is continuous. 

These two last statements will follow once we have proved that for any a G N d there exists c a (p) defining 
seminorm of the topology of 5J™(T), such that 

PtPrA^,^ * c a ( P ),y^eX*. (9.33) 

It is clearly enough to prove the case a = 0. Then, using (|9.4p we deduce that for any u G 1C s + m £ we have that: 

llfl\e«ll/c.,« = ll<^r+£> s Pr,^|| L2(T) = \\< D + ^ > s P s u\\ L2(E) = \\< D + ^ > s a^P^u\\ L2{E) = 

= \\a-s < D > s Po-£u\\ L2{B) = \\<D> S P<D>- s - m <D> s+m at:u\\ L2{E) = 



\<D> S P <D >-«- m cr c < P + C > s+m u\ 



As in the proof of Lemma 19.201 we deduce that 

||<p>*p<p>- s - m «|| L2(B) < c' ( P )\\v\\ L * {F) , VveLUx)ny'(x). 
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We consider a vector w :=< D + £ > s+m u G Lf 0C (X) n S%(X) and v := cr ? w. Then 

2 
li=(B) 



INI^ = lklli» ( F) < c 2 N\M\h (E) = cl\\< D + t> s+m u\\ = C%\ 



Thus (19331 follows for a = with C (p) = C N C' {p). 

Lemma 9.22. Let p G 5J™(T) 6e a real elliptic symbol (i.e. 3C > 0, 3R > such that p{y,rj) > C|7?| m /or any 
(y,r)) G S wif/i |?y| > Pj, wra£/i m > 0. Then the operator Pr defined in Lemma \9.20\ is self-adjoint on the domain 
lC m fi. Moreover, Pp is lower semi-bounded and its graph-norm on K, m fi gives a norm equivalent to the defining 
norm of K m ,0- 

Proof. Let us first verify the symmetry of Pr on /C mi o- Due to the density of 5^(T) in /C m .o and to the fact that 
Pr G B(/C m .o; L 2 (T)), it is enough to verify the symmetry of Pr on J^(T). Let us choose two vectors u and v from 
.y(T) so that we have to prove the equality (PrW, v).k 2 (T) — ( u iPt v ))l 2 (j) or equivalently 

{Pu,v) L 2 (E) = (u,Pw)) za(B) . (9.34) 

Identifying S^iT) with <^(A") n S^(X) and using the definition of the operator P on the space ,9"(X) one easily 
verifies that Pu also belongs to S'(X)r\S^(X) and is explicitely given by the following oscillating integral (Va; G A"): 

(Pu)(x) = J^e l <^~y>p(^±y,7 1 )u(y)dydrj = (9.35) 

1&t Jt-,eJx* * 1& JeJx* 

the series converging in S(X\ Using the T-periodicity of p we obtain that: 

(Pu,v) L 2 (B) = [ {Pu){x)vjx)dx = V f f f j<w-v+~» p r x + V ~ 1 ,r 1 ) u{y)vjx)dx dy dr) = 

JE £r JE JE JX' Z 



u(y) 

E 



y^l e *<v,y-x-i>p(- — 1 — 1,r))v(x)dxdr) 

7er E x * 



dy = u{y){Pv){y)dy = (u,Pv)l2( E ), 
Je 



and thus we proved the equality (|9.34|) . 

In order to prove the self-adjointness of Pr let us choose some vector u G 2?(Pp); thus it exists / G L 2 (T) such 
that we have the equality (Prf, u)l 2 (T) — (<P,f)L 2 (T), Vtp G y(T). Using now the facts that S*(T) is dense in 
<9"(T) and Pr is symmetric on S^(T), we deduce that 

(ipJh = (Pt¥>,»)t = (V»i¥«) T , V(^G^(T) 

and thus we obtain the equality Pru = f in y'(T). By hypothesis Pr is an elliptic pseudiffcrcntial operator of 
strictly positive order m, on the compact manifold T, so that the usual regularity results imply that u G K m ,o = 
2?(Pr). In conclusion Pr is self-adjoint on the domain /C TO] o- 

The lower semiboundedness property follows from the Garding inequality: 

(P r u,u) L2{T) > C -1 ||«||^ m/ai0 - C||«|||,2( T) , VuG/C m , . (9.36) 

The equivalence of the norms stated as the last point of the Lemma follows from the Closed Graph Theorem. □ 

Remark 9.23. Under the Hypothesis of Lemma l9.22[ the same proof also shows that for any £ G X*, the operator 
Pr,£ from Examplc l9.2Il is self-adjoint and lower semibounded on L 2 (T) on the domain K. m ,£. As in Remark 19. 1 71 we 
can identify K, m ,e, with H\^ C {X) n ,5^{.{X) (endowed with the norm ||< D + £ > m u|| L 2( S j) and thus we can deduce 
that the operator P^ is a self-adjoint operator in the space Lf oc (X) D S^(X) on the domain JC m ^- From (|9.4[) we 
know that P = crjPjcr_j and we also know that a^ : IC S .£ — > F s ,£ is a unitary operator for any set and for any 
£ G X* and we conclude that the operator induced by P in J-q.% is unitarily equivalent with the operator induced 
by P^ in /Co. 5 — Lf oc (X) n S^(X). It follows that the operator P acting in J^ with domain T m £ is self-adjoint 
and lower semibounded. 



G4 



9.3 Properties of magnetic pseudodifferential operators with operator-valued sym- 
bols 

Theorem 9.24. Let us first consider the composition operation. Suppose chosen three families of Hilbert spaces with 
temperate variation {A^^^x*, {J^i\ieX* and {C^^^x*, two families of symbols {pe}\ e \< eo G S™ e (X;M(B,;C,)) and 
{Qe}\e\<e G S™ (X; M(A»\ B,)) and a family of magnetic fields {B e }| c |< £o satisfying Hypothesis H.l from Section^ 
with an associated family of vector potentials {A e }| c |< £o given by (|1.28[) . Then 

1. There exist a family of symbols 

{p4 B 'q,}\e\<e G S™+ m '(X;M(A.;C.)), such that Dp A * (p e )Op A ' (q e ) = Op A '(p e f 'q e ). 

2. The application 

S?(X;M{B.;C.)) X S™' (X;M(A.;B.)) 3 (p e) q t ) ^ p e f'q e G S™ +m ' (X;B(A.;C.)) (9.37) 

is continuous uniformly with respect to e G [— eo,eo]. 

3. There exists a family of symbols {r e }i e i< £0 G 5™ +m ~ p [X;M(A*;C m )^ having the following properties: 

limr e = in S™ +m '- p (X;M(A.;C.)) (9.38) 

Pe$ B 'qe = Pe-qe + r e , Ve€[-e ,e ]. (9.39) 

Proof. By a standard cut-off procedure, as in the proof of Proposition 19.71 we may reduce the problem to the case 
of symbols with compact support in both arguments (x, £) G S. 

A direct computation using Stokes formula and the fact that dB e = for any e G [— eo, £ o] shows that for point 
(1) of the Theorem we may take the definition of the composition operation to be the following well defined integral 
formula: 

(p e f-q e )(X) = f f e~ 2 ^ Y ^uj B '(x,y,z)p e (X-Y)q e (X-Z)d:YdZ, (9.40) 



where we used the notation X := (x, £), Y := (y, rj), Z := (z, (), [Y, Z\ :=< T],z > — < (,y > and 

u B '(x,y,z):=e- iF '<*">'\ F e (x,y,z):=[ B e 

J <x — y-\-z.x — y — z.x+y — z> 

with < a,b,c > the triangle with vertices a G X, b G X and c G X. 

A direct computation (see for example Lemma 1.1 from QIjj]) shows that all the vectors V x F Cl V y F e and 
V Z F C have the form C e (x,y,z)y + D e (x,y,z)z with C e and D e functions of class BC°° (X 3 ;M(X)^J satisfying the 
conditions lim C e — lim D e — in BC°°(X 3 ;M(X)). It follows easily then that the derivatives of to Be (x, y, z) of 

order at least 1 are finite linear combinations of terms of the form C^ a ^y t y a z^u! B ' (x, y, z) with Ct a ,$);t G BC°°(X 3 ) 
satisfying the property lim Cr a p\. e — in BC°°(X 3 ). Applying now the usual integration by parts with respect 

to the variables {y, z, r/, £} we obtain that for any Nj G N (1 < j < 4) and for any AGS the following equality is 
true: 

( P r-qe)(X) = f f e-W*\ < n >- 2JVl < C >- 2N2 (id- - A A z ) Nl (id- )\) N2 X (9.41) 



<y>- 2N *<z>- 2N *'- B 



u B *{x, y, z) ((id - iA,)% e (A - Y)\ ((id Ja c )% £ (A - Z) 



dYdZ. 



First we apply the differentiation operators on the functions they act on and then we eliminate all the monomials 
of the form y a z" that appear from the differentiation of uj b * by integrating by parts using the formulas: 

yj 2i « J 2i % 

These computations allow us to obtain the following estimation (for some C > and N G N): 

||M% e )(A)|| B( ^ ;Q) < (9.42) 

<C max I I < v >- 2Nl <(>- 2N2 <y >~ 2JV3 <2 >~ 2JV4 \\d? d? p c (X - Y)\\ hid! q € {X - Z) II dY dZ, 

|o,|,|3|,|t|,|S|<JV J s J s II x S lll(B 5 ;C 4 ) II x « llB(A 5 ;B 5 ) 
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for any e £ [— eo, eo]. We use now (|9.1|) and ()9.3[) and obtain the following estimations valid for any e £ [— eo> eo]: 



^aV(x-r) 



5(B«;C € ) 

< C < v > 2M < £, - v > m - p 



< C<T]> 



2M 



d^ Pe (X-Y) 



< 



8(S S _„;C 5 _„) 



(9.43) 



sup < C >- m+p ^ 

ZEE 



(a«sf Pe )(z) 



s(e f :c c 



Repeating the same computations for the derivatives of q e and choosing suitable large exponents Nj (1 < j < 4) 
in (I9.42[) we deduce the existence of two defining seminorms | • | ni and respectively | • | n2 on the Frechet space 
S™(X;M(B,;C,)\ and respectively on 5™ (X;A,;B m )) such that we have the estimation: 



sup < £ > 



— {vn-\-ra ) 



■&)P0 



J(-AsA) 



< |Pe|ni kelna, Ve € [-e , e ] 



(9.44) 



The derivatives of p e § Be q e can be estimated in a similar way in order to conclude that p e | Be q e £ S 1 ™" 1 "" 1 (,¥; ^4.; C.)) 
uniformly with respect to e G [— eo, eo] and that property (2) is valid. 

Considering now the family of symbols {pc$ Bt 1<i\\e\<e.a, the hypothesis (2) and (3) from the Definition 19 . 5 1 follow 
easily from (|Qgf and (|P9"]) . 

In conclusion there is only point (3) that remains to be proved. By the same arguments as above we can once 
again assume that the symbols p e and q e have compact support. We begin by using (J9.40I) in the equality: 



Pe(X)q e (X) 



p e (X-Y)q e (X-Z) 



[(Y, VxPe(X - tY)) q e (X - tZ) + Pe (X- tY) (Z, V x q e (X - tZ))\ dt. 



(9.45) 



The first term on the right side of the equality (J9.45I) will produce the term p e q e in the equality (J9.39I) (see also the 
Lemma 2.1 from [H]). Let us study now the term obtained by replacing (|9.40[) into (|9.45l) . We eliminate Y and Z 
by integration by parts as in the beginning of this proof taking also into account the following identities: 



'/.;' 



-2i{Y,Z\ „ __J_o 

" 2i*- 



-2i\Y,Z} 



, -1i\Y,Z\ _ }_q 

^e - 2i a Vj t 



-2i{Y,ZJ 



These operations will produce derivatives of p e and q e with respect to x S X, that go to for e — > in their 
symbol spaces topology and derivatives of F e with respect to y and z; but these derivatives may be once again 
transformed by integrations by parts into factors of the form C e € BC°°(X 3 ) having limit for e — > as elements 
from BC°°(X 3 ). Thus, the estimations proved in the first part of the proof imply that the equality (J9.39I) holds 
with r t = /g 1 s e (t)dt with s e (t) € S™ +m '- p (X;M(A.;C.)) uniformly with respect to (e,t) € [-e ,e ] X [0,1] and 

,;C,)) uniformly with respect to t £ [0, 1]. We conclude that r c has the properties 



limse(t) = 0hiS™ +m -P(X: 
stated in the Theorem. 



□ 



Remark 9.25. The proof of Theorem 19.241 also implies the following fact (that we shall use in the paper): the 
operation $ B < is well defined also as operation: S™(X;M(B.;C.)) x Sf (X;M{A.;B.)) -> S™ +m (X;M(A»;C.)) 
being bilinear and continuous uniformly with respect to e £ [— eo,£o]- 
Remark 9.26. As in [50] one can define a family of symbols {g S]e }( S!e ) G R X [_ e0ieo ] having the following properties: 

1. q Sl e G Sf(X) uniformly with respect to e € [— £o, e o]i 

2. q a ,e$ B °q-s,e = 1, 

3. Vs > we have that q s , e {x, £) =< £ > s +p with some sufficiently large fi > and <7o,e = 1- 

Evidently that for any Hilbert space A we can identify the symbol q St<L with the operator-valued symbol g Sje idl_^ 
and thus we may consider that q S:<L £ Sf {X\ B(„4)) uniformly with respect to e £ [— eo, eo]. We shall use the notation 
Q s , £ :=Dp A '(q S!e ). 

Proposition 9.27. Suppose given two Hilbert spaces A and B and for any e £ [— eo,eo] a symbol p e £ 
Sq 1 (X;M(A;B)) , uniformly in e £ [— eo,eo]. Then for any s £ M. the operator Dp € (pe) belongs to the space 
B('H^ (X) ® A\H\ (X) (g) B) uniformly with respect to e £ [— eo,eo]- Moreover, the norm of Op e (p e ) in the 
above Banach space is bounded from above by a seminorm of p t in Sq 1 (X: 
e £ [-e ,e ]. 



\Bj\, uniformly with respect to 



m 



Proof. For m = s = the proposition may be proved by the same arguments as in the scalar case: A = B = C 
(see for example [H]). Also using the results from jTO] we can see that for any t G R the operator Q se belongs to 
the space V>(fH t ^ s (X);'H t A (X)) uniformly with respect to e G [— e ,eo]. The proof of the general case folows now 
from the following identity: 

&p Ae {Pe) = Q-s^Qs,t'dp A '(l>e)Q-(s+ m ),tQs+m,e 

and the fact that q s ,e§ B *Pe$ Be <l— (s+m),e is a symbol of class Sq(X;M(A;B)) uniformly with respect to e G [— eo,eo] 
(as implied by the Remark |9.25[) . D 

Proposition 9.28. Suppose given a Hilbert space A and a bounded subset {Pe}| e i<£ C Sp(X;W(A)) such that 
limp £ = in this space of symbols. Then, for sufficiently small eo > the following statements are true: 

e— s-0 

1. id + Dp '(Pe) is invertible in M(L 2 (X) <g> A) for any e G [— eo, eo]. 

2. It exists a bounded subset of symbols {(7e}| e |< eo from Sp(X;M(A)) such that lim q e = in Sp(X;M(A)) and 
the following equality holds: 

[id + Dp^ip^y 1 = id + Dp A »(q £ ). (9.46) 

Proof. The first statement above is quite evident once we notice that following Proposition 19.271 we can choose 
some small enough eo > such that Dp '(p e ) < (1/2) for any e G [— eo,eo]. By a straightforward 

modification of the arguments given in §6.1 from 20 in order to deal with operator-valued symbols, we deduce 
that there exists a bounded subset {r e }| c |< Co in 5° (X;M(A)) such that: 

[id + Dp^)]" 1 = Dp A '(r e ). (9.47) 

The equality (j9.46[) follows if we notice that 

[id + Dp^p,)]" 1 = id - Dp A »(p e )[id + Dp A «(p £ )] _1 = id - Dp A »(p e )Dp^(r e ) 
and also that Remark 19.251 implies that q e :— —p^ B 'r € has all the stated properties. □ 

9.4 Relativistic Hamiltonians 

We shall close this subsection with the study of a property that connects the two relativistic Schrodinger Hamilto- 
nians Op A '(h R ) and [Dp A '{h NR )] 1/2 with h R (x,0 :=< £ >= y/1 + |£| 2 and h NR (x,0 := 1 + |£| 2 =< £ > 2 . We 
shall use some arguments presented in §6.3 of |20) . 
Proposition 9.29. There exists a bounded subset {g e }|e|<eo of symbols from Si(X) such that lim q c = in Si(X) 

e— fO 

and 

[Dp A '(h NR )] 1/2 = Dp A '(h R ) +Dp A '(q t ). (9.48) 



Proof. Following [5D] , if we denote by p the inverse of the symbol p with respect to the composition 



HBe 



[Dp A '(h NR )] 1/2 - Op A '(h NR )Dp A ' (_-L f°° z - 1 / 2 (<e> 2 -z) dz). (9.49) 



2tt« j_ loo 
Recalling the proof of point (3) in Theorem 19.241 we can easily prove that: 

( < £ > 2 -z) f'(<£ > 2 -z)" 1 = 1 + r e , z (9.50) 

where < z > r ez G Sf'(Af) uniformly for (e,z) G [— eo,eo] x iR and lim < z > r ez = in Sj'(A') uniformly with 

e->0 

respect to z G iR. Following the proof of Proposition 19.281 for eo > sufficiently small there exists a symbol / £iZ 
such that < z > f ez G Sl(X) uniformly with respect to (e,z) G [— eo,eo] X iR, lim < z > / 6Z = in Sl(X) 

£— >0 

uniformly with respect to z G iR. and we also have 

(1 + r £ , z )~ = 1 + / e , z . (9.51) 

From (|9.49|) and from the properties of the symbol r ez it follows that we can define: 

(<e> 2 - z r ■= ( < e > 2 -zrv- a + / e , z ) = (<e> 2 - z )- i + (<£> 2 -z)- i r/ e , z . (9.52) 
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Using (|9.52[) in (|9.49|) we notice that the term ( < £ > 2 — z) produces by magnetic quantization a term of the form 
0p Ae (fiNR)Op Ae (lift 1 ) and using Theorem 19. 241 this operator may be put in the form Dp Ac (h R ) + Op Ae (q' e ) where 
q' e € S® (X ) uniformly with respect to e G [— e , eo] with lim q' t = in 5" (A"). If we notice that h,NR$ B * [Jimr— z) € 

S'i(Af) uniformly with respect to (e,z) e [— eo,eo] x i^>, then we can see that the second term of (|9.52j) gives in 
(|9.49[) by magnetic quantization an expression of the form Op '(q") with q" 6 S\(X) uniformly with respect to 
e e [-eo, eo] and such that lim q'' = in 5° (X). D 

e— >0 



(i<S 
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